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The Field Axioms
Commutativity of Addition: For all real numbers a and b,
a+b=>b+a.
Associativity of Addition: For all real numbers a, b, and ¢,
(a+b)+c=a+ (b+c).
The Additive Identity: There is a real number, denoted by 0, such that
O+a=a+0=a for all real numbers a.
The Additive Inverse: For each real number a, there is a real number b such that
a+b=0.
Commutativity of Multiplication: For all real numbers a and b,
ab = ba.
Associativity of Multiplication: For all real numbers a, b, and c,
(ab)c = a(bc).
The Multiplicative Identity: There is a real number, denoted by I, such that
la=al=a for all real numbers a.

The Multiplicative Inverse: For each real number a # 0, there is a real number b such
that

ab=1.
The Distributive Property: For all real numbers a, b, and c,

a(b+c)=ab +ac.
The Nontriviality Assumption:

1 # 0.
The Positivity Axioms

There is a set of real numbers, denoted by P, called the set of positive numbers. It has
the following two properties:

P1 If a and b are positive, then ab and a + b are also positive.
P2 For a real number a, exactly one of the following three alternatives is true:

a is positive, —a is positive, a=0.

Interval Notation

For a pair of real numbers « and b such that ¢ < b, we define
(a,b)={xinR|a<x <b},
[a,b] ={xinR|a < x <b},
(a,bl]={xinR|a<x <b},

la,b) ={xinR|a <x < b}.
Moreover, it is convenient to use the symbols oo and —oo in the following manner.
We define
[a,0) ={xinR|a <x},
(—oo,bl={xinR | x < b},
(a,00)={xinR|a < x},

(—o0,b) ={xinR | x < b},

(=00, 00) = R.

The reader should be very careful to observe that although we have defined, say,
[a, 00), we have not defined the symbols 60 and =oo. In particular, we have not adjoined
additional numbers to R.
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Summary before Final Exam

This course is entirely focused on definitions and proofs. The following is a summary of key
definitions and theorems. It is strongly recommended that you review the precise statements and
their corresponding proofs. Be sure to review the first few pages of the class notes to remind yourself
of the expectations for proofs, and to familiarize yourself with common errors.

Preliminaries

Basics of set theory and inequalities

The Triangle Inequality states that |a + b| < |a| + |b|, for every two real numbers a, b.
1 — Tn-i—l

The Finite Geometric Sum formula is forn € Nand any r # 1, 1 +r 472 +--- 47" = ]
-

Chapter 1

The smallest upper bound of a set S is called its supremum and is denoted by sup.S. The greatest
lower bound of a set S is called its infimum and is denoted by inf S.

The Completeness Axiom: Every nonempty set of real numbers S that is bounded above has a
supremum.
The Archimedean Property (AP): For every ¢ € R, and every € > 0 there are m,n € N for which

1
c<mand — <e.
n

Let S CT C R be nonempty sets. We say S is dense in T if for every a,b € T' with a < b, there is
an element s € S for which a < s < b.

Q, and Q¢ are dense in R.

Chapter 2

To prove {a,} converges to a, we need Ve > 0, AN € N for which |a,, — a| < € for all n > N.
To prove {a,} diverges to oo if for all M > 0, there is N € N for which a,, > M for all n > N.
The sum, product, and quotient properties for convergent sequences are shown.

The Comparison Lemma: Let {a,} converge a. Then {b,} converges to b if there is a nonnegative
number C' and an index N such that |b, —b| < C'|a, —a|  for all indices n > N.

A sequence {a,} is bounded if there is a number M such that |a,| < M  for every index n.
Every convergent sequence is bounded.

Sequential Density: A set S is dense in R iff every x € R is the limit of a sequence in S.

S C R is closed if {a,} is a sequence in S that converges to a number a, then the limit a € S also.

{a,} is monotonically increasing (decreasing) if a,,+1 > a, (an11 < a,) for all n.
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The Monotone Convergence Theorem (MCT): A monotone sequence converges iff it is bounded.
Moreover, the bounded monotone sequence {a,} converges to sup{a, | n in N} (inf{a, |n in N})
if it is monotonically increasing (decreasing).

A set S is called sequentially compact if every sequence a,, in S has a subsequence that converges
to an element of S.

The Sequential Compactness Theorem (SCT): Every closed and bounded interval [a,b] is se-
quentially compact (every sequence a, in [a,b] has a subsequence that converges to an element of

[, 0])

Chapter 3

To prove a function f is continuous at xy: Assume {z,} is a sequence in the domain that approaches
xg. Prove that {f (z,)} — f (z0).

To prove f is not continuous at xg we often assume it is and find multiple sequences that approach
Zp, use the definition and get a contradiction.

The Extreme Value Theorem (EVT): Any continuous f : [a, b] — R attains its maximum /minimum.

The Intermediate Value Theorem (IVT): Suppose f : [a,b] — R is continuous. Let ¢ be a number
strictly between f(a) and f(b). Then there is a point xy € (a,b) at which f (zq) = c.

f D — R is uniformly continuous if whenever {u,} and {v,} are sequences in D such that
nh_fgo [un — v] = 0 then nh_{glo [f (un) = [ (va)] =0

To prove f is not uniformly continuous, we need to find sequences u,, v, for which (u, — v,) — 0
but f (u,) — f (v,) does not approach zero. This can often be achieved by looking for w,, v, where
the slope of the graph of f is unbounded.

Every uniformly continuous function is continuous.
Every continuous function f : [a,b] — R is uniformly continuous.

f D — R satisfies the ¢ — ¢ criterion at a point z( in the domain D if for all € > 0 there exists
d > 0 such that for z in D, if |z — x¢| < § then |f(x) — f (x¢)| < e. This is equivalent to f being
continuous at xq

f D — R satisfies the € — ¢ criterion on the domain D if for all ¢ > 0 there exists § > 0 such
that for all w,v in D, if |u — v| < 0 then |f(u) — f(v)|] < e. This is equivalent to f being uniformly
continuous on D.

If the domain of a strictly monotone function is an interval, then its inverse will be continuous.

To show lim f(z) = ¢, start with a sequence z,, that converges to zy, and that =z, # xy for all n,
T—T0

and then prove lim f(x,) = ¢.
n— o0

Typical properties of limits hold: Limit of sum is sum of limits; limit of product is product of limits;
and limit of ratio of two functions in ratio of their limits.
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Chapter 4: Differentiation

For the entire section, let I be a neighborhood of z, an open interval I = (a,b) that contains x.

e f: 1 — Ris differentiable at z if lim f&) = f (o)

= f'(xg) exists.
T—T0 T — X

e Differentiability implies continuity but not the other way around.
e Sums, products, and quotient rules for derivatives are proved.

e The Chain Rule states that (f o g)'(z) = f'(g(x))d'(z).
1

ED)

e Rolle’s Theorem: Let f : [a,b] — R be continuous and f : (a,b) — R be differentiable and
f(a) = f(b). Then there is a point ¢ € (a,b) at which f'(c) = 0.

o If yo = f(w0) and f’ (o) # 0, then (1) (yo) =

e Mean Value Theorem: Let f : [a,b] — R be continuous and f : (a,b) — R be differentiable. Then
f(b) — f(a)
b—a

e Let f: I — R be differentiable. Then f: I — R is constant iff f/'(z) =0 for all z in I.

there is a point ¢ € (a,b) at which f’'(¢) =

e The Identity Criterion: Let g : I — R and h : I — R be differentiable. Then these functions
differ by a constant iff ¢’(z) = h/(z) for all  in I.

o If f’(x) >0, then f is strictly increasing. If f/(x) < 0, then f is strictly decreasing.

e Cauchy Mean Value Theorem: Given two continuous functions f, g : [a,b] — R that are differ-
entiable over (a,b) for which ¢'(z) # 0, there is ¢ € (a, b) for which

e Corollary to Cauchy Mean Value Theorem: Assume f is defined over a neighborhood I of xg

and that f (zo) = f'(x0) = --- = f™ Y (2) = 0. Then, for every point x with = # x, there is a
point z that lies strictly between x and zy for which
fM(z N
s =L oy

Chapter 6: Integration
For the entire section, assume f : [a,b] — R is bounded and P is a partition of [a, b].

e The Darboux upper and lower sums are:

Zml Ti— i) for m; = inf {f(z) | € [xi_1, 23]}

ZM — T 1) for M; = sup {f(z) | © € [x;1, 2]}
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Another partition P* of [a,b] is called a refinement of P if each partition point of P is also a
partition point of P*.

For any partition P, L(f,P)<U(f,P).

Refinement Lemma: For P*, refinement of P, L(f, P) < L(f, P*) and U (f, P*) < U(f, P).

Lower and Upper Integrals:

b
/ f =sup{L(f, P) | P a partition of the interval [a, b]}

and

b
/ g =inf{U(f, P) | P a partition of the interval [a, b|}

b 7b
f i [a,b] — R is integrable if / f= / f.

Archimedes-Riemann Theorem: f is integrable on [a, b] iff there is a sequence { P} of partitions
of the interval [a, b] such that lim [U (f, P,) — L(f, P,)] = 0. {P,} is said to be an Archimedean
n—oo

sequence of partitions. Moreover,

lim L (f, P, / f and lim U (f, P, / f.

n—oo n—oo

Monotone, step functions, and continuous functions are integrable.

b c b
Additivity of integrals: If f is integrable, then / f= / f +/ [ for c € (a,b).
Monotonicity of integrals: If f and g are integrable with f < g then / f< / g

b b b
Linearity of integrals: If f, g are integrable on [a,b], then / (af + Bg) = a/ f+ B/ g, for
a, B €R. ‘ ‘ ‘

If a bounded function f is integrable over every subinterval [c,d] of (a,b) then it is integrable over
[a,b] and its integral does not depend on f(a) and f(b).

First Fundamental Theorem: Let F' : [a,b] — R be continuous and be differentiable on (a,b).
b
Moreover, F” : (a,b) — R is continuous and bounded. Then / F'(z)dx = F(b) — F(a).

d x
Second Fundamental Theorem: If f : [a,b] — R is continuous then . [ / f} = f(z) for all
X a
€ (a,b) .

a b c
We deﬁne/ f:—/ fand/ f =0, where a < b.
b a c
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Chapter 8: Approximation by Taylor Polynomials

For entire section, assume [ is a neighborhood of the point x and let n be a nonnegative integer. f: I — R
and g: [ — R.

e fand g have contact of order n at z if f and g have n derivatives and f® (z¢) = g™ (x0) for 0 <
k <n.

nof(k)
e The n-th Taylor polynomial of f(x) at z is p,(z) = Z fk—(‘xo) (z — x)".
k=0 '

>, f(k)
o f(z)= Z fk—@ (z — x)" is called the Taylor series expansion for f about the point .
k=0 '

e The Lagrange Remainder Theorem: Let f have n+ 1 derivatives. Then for each x # ¢ in I, 3¢

f(n+1)(c)

(n+1)! "

strictly between = and xy such that f(x) = p,(z) + (r —x

e An infinite sum Z ay is defined as lim s, for partial sums s, = a; + -+ a,.
n—oo
k=0
1 X
e Cauchy Integral Remainder Theorem: f(z) = p,(z) + —'/ V@) (2 — )™ dt, if fOHD s
n! Ju

continuous on a neighborhood of x.

Chapter 9: Sequences and Series of Functions

o0

For notational purposes > a, = Z a,, is assumed to be a sum of infinite terms.

n=1
e {a,} is a Cauchy sequence if Ve > 0, 3N € N such that if n > m > N then |a,, — an| < .
e Every Cauchy sequence is bounded.
e Cauchy Convergence Criterion (Sequences): A sequence converges iff it is Cauchy.

e Let > a, converge, then lim a, = 0. The converse is not true but the contrapositive is useful.
n—oo

1

e For a number r such that |r| < 1, Z = T
—r

k=0

e Let {ax} be nonnegative. Then the series ) a; converges if and only if {s,} is bounded.

e The Comparison Test: Suppose that {a;} and {by} with 0 < a; < by for all k. Then > ay
converges if Y by converges. And ) by diverges if > a; diverges.

e The Integral Test: Let {ax} be nonnegative and f : [1,00) — R is continuous and monotoni-
cally decreasing and has the property that f(k) = ax  for every index k. Then the series > ay is

convergent iff the sequence of integrals / f (a:)dx} is bounded.
1
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The Alternating Series Test: Suppose that {a;} is a monotonically decreasing sequence of non-

negative numbers that converges to 0. Then the series > (—1)*"tq,, converges.

Cauchy Convergence Criterion (Series) Y a; converges iff for all € > 0, IN € N such that
|api1 + -+ apsk| <€ forall m > N and all nk € N.

> ay is said to converge absolutely if the series > |ay| converges. A series that converges but does
not converge absolutely is said to converge conditionally.

The Absolute Convergence Test: > a; converges if Y |ax| converges.

For Y ay, let 3r € R with 0 <r <1 and an N € N such that |a,41] <7 |a,| for all n > N. Then
> ay is absolutely convergent.
The Ratio Test for Series: For the series > ay, suppose that lim [t = /. If ¢ < 1, the series

n—o0o |Gy

> ay converges absolutely. If £ > 1, the series ) a; diverges.
{fn:D—>R}and f: D —>R

— {f,} converges pointwise to f (write: f, —— f) if for each point z in D, Ve > 0, IN € N
such that ¥n > N then |f(x) — f.(z)| <€

— {f.} converge uniformly to f (write: f, — f) if Ve > 0, 3N € N such that ¥n > N and
Vo € D then |f(z) — fu(x)] <€

— {f.} is uniformly Cauchy if Ve > 0, 3N € N such that ¥Yn,m > N and Vz € D then
|ful@) = fal@)| <€

The Weierstrass Uniform Convergence Criterion: f, = f iff {f,} is uniformly Cauchy.

If a sequence of functions is continuous (integrable) its uniform limit is continuous (integrable).
The uniform limit of a sequence of differentiable functions may not be differentiable.

f I — R is continuously differentiable if it is differentiable and its derivative is continuous.

Let {f,: I — R} be continuously differentiable functions with f, ——— f andf, - g. Then the
function f : I — R is continuously differentiable, and f'(z) = g(z) for all x in [I.

[e.e]

Given a sequence {c}, the domain of convergence of the series chxk to be the set of all
k=0
o
numbers x such that the series cha:k converges. We then define a function f : D — R by
k=0

n—oo
k=0 k=0

n [o¢]
f(z) = lim [Z ck:pk] = chxk for all  in D as the power series expansion.
o
Let x5 > 0 be in the domain of convergence of the power series chxk. Let 0 < r < |zol.
k=0
(o]

Then [—r,r| is in the domain of convergence of both cha:k and Zkzckxk_l. Moreover, both

k=0 k=1
(o]

(o]
E :ckxk and E kepatt converge uniformly on [—r, 7].
k=0 k=1
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Guide to Proof Writing

A proof is an argument designed to convince your audience that a mathematical statement is
true. It may consist of calculations, a verbal explanation, or a mix of both. Unlike typical
computational math problems, writing a proof demands a higher level of mathematical rigor,
clarity, and effective communication. A proof is a sequence of statements, each logically follow-
ing from the one before, to arrive at the conclusion, relying solely on the hypotheses, definitions,
and known true statements.

Example of a Theorem and Proof

Theorem 1 Let a and b be real numbers. Suppose that 0 < a < b. Then y/a < vb. Note
that, for a nonnegative real number x,/x denotes the nonnegative square root of .
Proof. Since a < b by assumption, it follows that

(b—a) > 0.

We know that a and b are both positive, so their square roots are defined. Thus, we can
use a difference of squares expansion to write:

(Vb — va)(Vb+ va) = (b—a) > 0.

Since a and b are strictly positive, so are \/a and v/b. Thus (vb + /a) > 0, and we can
divide through the above expression without changing the direction of the inequality. We
get:

(b—a) 0

Vot va) - -

WiV o+ e

and so we conclude that v/b > \/a.
[ |
There is some discretion involved in writing proofs in deciding which statements are well-
known or self evident and which need further justification. For example, in the above proof, we
used the fact that positive numbers have positive square roots without justification.

Example of a False Statement and Counterexample

To prove that a statement is true, you must show that the conclusion holds in every situation
that satisfies the hypotheses. You can, however, prove that a statement is false by finding a
single instance where the hypotheses hold but the conclusion fails. This is called a counterex-
ample to the statement.

False Statement. For all real numbers a and b, |a 4+ b| = |a| + |b].

Counterexample. Consider the example a = 1,b = —1. Then
la+b=10l=0 Dbut J|a|+]b=1+1=2.

It is therefore not always true that |a + b| = |a| + |b].
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Common Proof Mistakes to Avoid

Common Mistake #1. A written proof starting with the conclusion, and working backwards
toward the hypotheses.

This approach can be useful for brainstorming how the proof might work, but it is not suitable
for the final presentation of the proof. At best, such reasoning results in poor exposition, and
at worst, it can lead to logical errors. Always begin a proof with the hypotheses and known
truths, and then work towards the conclusion.

Common Mistake #2. Testing the conclusion with a few specific examples and inferring
that it always holds.

A proof must provide a rigorous argument demonstrating that the conclusion is valid in every
case where the hypotheses are met.

Common Mistake #3. Assuming the conclusion.

Starting a proof by assuming the statement to be proved as true, rather than deriving it from
known facts or hypotheses.

To prove that two expressions A and B are equal, avoid starting by assuming A = B and
manipulating both sides. This method is invalid and can lead to false conclusions. Instead,
choose one side and work through equalities to reach the other side.

Common Mistake #4. Overlooking special cases.

Failing to consider special or boundary cases that could affect the validity of the proof. For
instance, if a step in the proof requires dividing by an unknown real number z, you must sep-
arately consider the case where z = 0.

Common Mistake #5. Undeclared variables and undefined notation.

A symbol like  has no meaning until it is given a definition. A proof should explicitly de-
clare all the objects involved, such as “let x be a real number” or “let f be a continuous
function from R to R”. Likewise, any nonstandard notation or shorthand should be clearly
defined.

Common Mistake #6. Taking steps in the proof without sufficient justification.

In this course, justify any non-obvious statements and cite results from the course, verify-
ing their hypotheses. Your proof should be detailed enough for a student in this course to
understand. Ensure the proof’s structure is clear: explain how statements and computations
connect and lead to the conclusion. Use full English sentences to communicate your argument
effectively.



Table of Contents

Common Mistake #7. Mixing up quantifiers.

Incorrectly applying quantifiers like “for all” (V) and “there exists” (3), leads to logical in-
consistencies or misinterpretations.

Common Mistake #8. Incorrect use of proof techniques.

Misapplying proof techniques like proof by contradiction, induction, or contraposition, lead-
ing to invalid conclusions.

When using a proof by contradiction, verify you identify the correct statement that repre-
sents the logical contradiction. The contradiction of A implies B is that A is true and B is
false at the same time.

Common Mistake #9. Imprecise statements.

An argument cannot be considered rigorous if it includes ambiguous or poorly defined state-
ments. Be precise, use mathematical terminology accurately, and ensure that it is applied
correctly.

The statement “The function has a maximum somewhere” is vague. A clearer statement would
be: “The function f has a maximum at x = ¢ if f(c) > f(x) for all z in the domain of f.” This
specifies that f(c) is the maximum value and is greater than or equal to all other values of f
within its domain.

Common Mistake #10. General bad communication.

If you were writing an essay, you wouldn’t create your own words, symbols, or shorthand,
or present fragmented ideas and chaotic thoughts. Apply the same rigor to your proofs. Your
goal is to communicate clearly and logically. Ensure your proof is neat, grammatically correct,
and follows a logical order, using textbook proofs as models.

Re-read your proofs to check if all terms and symbols are defined, if the order is logical, and
if assumptions, statements, and deductions are clear. Ensure each line’s purpose is evident
and that the proof either progresses from known facts to the conclusion or from one side of an
equation through equalities to the other side. Having someone else review your work can also
help identify areas needing clarification.
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natural number. Suppose f : I — R

I - R is continuous. Assume f ®)(zo) = 0 for all ,1 < k <n.
Supposef"*+1)(z) < 0 and n is odd. Prove that z,
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Theorem 1.4 Suppose that S is a nonempty set of real numbers that is bounded below. Then
among the set of lower bounds for S there is a largest, or greatest, lower bound.

N e i\Q\%
Proof. We will consider the set obtained by “reflecting” the set S about the number 0; that
is, we will consider the set
TE{z eR| -X €S}

For any number =z,

b <z if and only if - A~ < -b.

Thus, a number b is a lower bound for S if and only if the number -\o isan upper
bound for T'.

Since the set S has been assumed to be bounded below, it follows that the set T is \ovs e Npee
The Completeness Axiom asserts that there is a Hee ok 'Q.Q for T', which we denote by

C. Nosu~

Since lower bounds of S occur as negatives of upper bounds for 7', the number ~(_

is the greatest lower bound for S. |
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Theorem 1.9 The set of rational numbers is dense in R.

Proof. Let a and b be real numbers such that a < b. We need to show that the interval
(a,b) contains a rational number. By the Archimedean Property, we can choose a natural
number n such that

so = is less than the length of the interval (a,b). By Theorem 1.8/ applied to ¢ Enb — 1,

there is an integer m in the interval . Thus,

<m<

which, after dividing by n, gives

<t : (14)

But%<b—a, SO

\
a:b—(b—a)<\0'— ~ . (1.5)

From the inequalities (1.4) and (1.5) we conclude that the rational number ™ belongs to the
interval (o W) . L
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Lemma 2.21 Suppose that the sequence {d, } converges to the number d and thatd, > 0
for every natural number n. Then d > 0.
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Theorem 2.10 (The Sum Property) Suppose that the sequence {a,} converges to the
number a and that the sequence {b,} converges to the number b. Then the sequence of sums
{a, + b,} converges to the sum a + b; that is,

lim [a,, + b,] = lim a, + lim b,.
n—oo n—oo n—oo

Proof. Let € > 0. We need to find an index N such that

|(an +b,) — (a +b)| < ¢ for all indices n > N.

In order to do so, we first observe that for every index n,

|(an 3 bn) T (a + b)' — |(an = O,) +\&|1
and hence, by the Triangle Inequality,

|(an =B bn) S (CL I b)| S lan — al +\\°V‘.—\°\ (28)

Since the sequence {a,} converges to a and €/2 is positive, we can choose an index N; such

that s (o o\ & S \o\(\- m\‘«é,p o e /&E 6%_

—_

la, —a| < 5 for all indices n > Ny,

and since the sequence {b,} converges to b and £/2 is positive, we can choose an index Nj
such that

&
|b, —b| < =< for all indices n > Nj.

Define N = max{Ny, N,}. From inequality (2.8) and the choice of N; and Nj, it follows
that if n > N, then

€
l(an +b,) —(a+b)| <|a,—a|+|b,—b <_"== +
Thus, the required inequality (2.7) holds for this choice of N.
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Definition A sequence {a,} is said to be monotonically increasing provided that

Ape1 = Qp for every index n.

A sequence {a,} 1s said to be monotonically decreasing provided that

a1 < ay, for every index n.

A sequence {a,} is called monotone if it is either monotonically increasing or monoton-
ically decreasing.

Theorem 2.25 The Monotone Convergence Theorem A monotone sequence con-
verges if and only if it is bounded. Moreover, the bounded monotone sequence {a,
converges to

i. sup{a, | n in N} if it is monotonically increasing, and to
ii. inf{a, | n in N} if it is monotonically decreasing.
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Definition Consider a sequence {a,}. Let {n;} be a sequence of natural numbers that is
strictly increasing; that is,

< e = A3SKC . ,25
Then the sequence {b,} defined by [(-,sb w” { RN S

b, = ay, for every index k
is called a subsequence of the sequence {a,}.
Often a subsequence of {a,} is simply denoted by {a,, }, it being implicitly understood

that {n;} is a strictly increasing sequence of natural numbers and that the kth term of the
Sequence {a,, } is a,,.*

L)o\}_’;& Ctﬁcx
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Proposition 2.30 Letthe sequence {a,} convergeto thelimita. Then every subsequence
of {a,} also converges to the same limit a.

Theorem 2.32 Every sequence has a monotone subsequence.

Theorem 2.33 Every bounded sequence has a convergent subsequence.

Definition A set of real numbers S is said to be sequentially compact provided that
every sequence {@,} in S has a subsequence that converges to a point that belongs

o §.

Theorem 2.36 The Sequential Compactness Theorem Let ¢ and b be numbers such
that @ < b. Then the interval [z, b}is sequentially compact; that is, every sequence
in [a, b] has a subsequence that converges to a point in [a, b].
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Proposition 2.30 Letthe sequence {a,} convergeto thelimita. Then every subsequence

of {a,} also converges to the same limit a.
‘\:&( oo\ \e | (0“3\:’0“‘\ Q*af AR <
Proof

Let ¢ > 0. We need to find an index N such that

la,, —al <¢€ for all indices k > N.;

. \ .
Since the whole sequence {a, } converges to a, we can chgose an index N such that

la, —al <€ for all indices n

But observe that since {n;} is a strictly increasing sequence of natural numbers,

ny >k for every index k/——
k% 107 ovely INCeR X
Thus, the required inequality (2.22) follows from inequality (2.23).
F’/k\’\i o I
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Definition A set of real numbers § is said to be sequentially compact provided that
every sequence {@,} in S has a subsequence that converges to a point that belongs

to S.

Theorem 2.36 (The Sequential Compactness Theorem): Let a and b be numbers such
that a < b. Then the interval [a,b] is sequentially compact; that is, every sequence in [a, b
has ‘@ subsequence that converges to a point in |a, b].

Proof: Ta, ~OT N\ G msereme2s Lo Cal a2l ot

There are two distinct parts to the proof. First, it is necessary to show that a sequence in
[a,b] has a teemsae.t SIS . Then it must be shown that the Diax

of this subsequence belongs to the interval [a, b].

Let z, be a sequence in [a,b]. Then z,, is \oour—d2d . Hence, by the preceding
theorem, there is a subsequence z,, that _Coe« es 2

But the sequence z,,, is a sequence in _{_a O ) , and hence, according to Theorem
2.22, its limit is also in _ X0y |

Theorem 2.22 Let {c,} be a sequence in the interval [a, b]. If {c,} converges to the
number ¢, then ¢ also belongs to the interval [a, b].
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Definition A function f: D — R'is said tobe inuous at the point x in D provided
that whenever {x,} is a sequence in D that converges to x, the image sequence { f (x,)}
converges to f(xo). The function f: D — R is said to be continuous provided that it is
continuous at every point in D.

Theorem 3.6: For functions f: D — R and g : U — R such that f(D) is contained in U,
suppose that f : D — R is continuous at the point xo in D and g : U — R is continuous at
the point f(xg). Then the composition go f: D — R is continuous at x,.

Proof:

Let z, be a sequence in D that converges to X, . By the continuity of the
function f: D — R at the point xy, the sequence f(x,) converges to £(~»o

But then f(z,) is a sequence in U that converges to (%o) , so by the continuity
of g : U — R at the point f(zg), the sequence g(f(z,)) converges to £ : that
iS, hmn—)oo(g o f)(xn): O’Q ¥o

Thus, the composition g o f is continuous at %, ; |
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Example 3.3 Define the function f:R — R by

] if x 1s rational

ﬂm:{

0 if x 1s irrational.

This function is called Dirichlet’s function. There is no point x in R at which
Dirichlet’s function is continuous. Indeed, given a point x; in R, by the sequential
density of the rationals and irrationals (recall Theorem 2.20), there is a sequence {u, }
of rational numbers that converges to xy and also a sequence {v,} of irrational
numbers that converges to xo. But { f (u,)} is a constant sequence all of whose terms
equal 1 while { f (v,)} 1s a constant sequence all of whose terms equal 0. Thus,

lim f(u,)=1%0=lim f(v,).

n—00

Since both of the sequences {u,} and {v,} converge to x, it is not possible for f
to be continuous at xj. Observe that one expression of the discontinuous nature of
Dirichlet’s function is that there is no way to graph it. n
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This course is entirely focused on definitions and proofs. The best practice for the exam is
reviewing definitions and theorems done in class, homework problems, exploring additional
exercises in the textbook. Be sure to review the first few pages of the class notes to remind
yourself of the expectations for proofs, and to familiarize yourself with common errors.

1. Suppose a,, is a bounded sequence, and b, is a sequence that diverges to co. Prove that
a, + b, diverges to oo.

2n + 1 1

2. Using the definition of limit, find the limit of the sequence a,, = ] e
n— n

3. Prove that a monotone sequence is bounded if it has a bounded subsequence.
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1. Suppose a, is a bounded sequence, and b,, is a sequence that diverges to co. Prove that
a, + b, diverges to oo.

_ L & X
Solution: W\ &=

Proof: By definition there is a real number M for which |a,| < M for all n € N. Let
A be a positive real number. Since b, — oo, there is N € N for which b, > A+ M
for all n > N. Therefore, for alln > N

an+b,>a,+A+M>-M+A+M=A=a,+b, > A.

This means a,, + b, — o0, as desired.

2 1
2. Using the definition of limit, find the limit of the sequence a,, = n +1
n —
Solution:

Proof: Let € > 0. By the Archimedean Property, there is N € N for which N > 1+ %.
Therefore N — 1 > %, which implies ﬁ <e Ifn> N, then

e O —
n—1 +n

— <
n—1+n<n—1_N—1<(E

on+1 1 '_ 3 1 4 4

Therefore, by the definition of limit, lim a, = 2.

n—oo
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3. Prove that a monotone sequence is bounded if it has a bounded subsequence
(Ko
gt W CM\\’Z)

Solution: Proof: WLOG assume that {a,} is a monotone increasing sequence that
has a bounded subsequence {a,, }, so that there exists a number M with |a,, | < M
for all indices k. If k is any index, then n; > k since {n;} is a strictly increasing
sequence of natural numbers, so that a; < a,, by definition of monotone increasing.
Note that because this sequence is increasing, it is bounded below by a;. Thus |ax| <
max {|a1|, |an, |} < max{|a,|, M} for all indices k, that is, that {a,} is bounded.
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For a function f : D — R, we define
fD)y={yly=f(x) for some x in D}

and call the set (D) the image of the function f: D — R. We say that the function
f : D — R attains a maximum value provided that its image f (D) has a maximum,; that
is, there is a point xq in D such that

f(x) < f(xo) forall x in D.

We will call such a point xg in D a.maximizer of the function f: D — R. Similarly, the
function f: D — R is said to attain a minimum value provided that its image f (D) has
a minimum; a point in D at which this minimum value is attained is called a minimizer
of the function f: D — R.

y=2x 0<x<1
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Lemma 3.10 The image of a continuous function on a closed bounded interval,

f:la, b] - R,
1s bounded above; that is, there 1s a number M such that

fx)y<m™m for all x in [a, b].

Theorem 3.9 The Extreme Value Theorem A continuous function on a closed
bounded interval,

f:la, b] - R,

attains both a minimum and a maximum value.
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Theorem 3.9 (Extreme Value Theorem) A continuous function on a closed bounded
interval,

fila,b] > R,

attains both a minimum and a mazimum value.

Proof. Define
S= - <i‘°“'\’;>\ DY

Then Sisa ©® ‘\Q”‘Q&"K set of real numbers that, by the preceding lemma', is  <~vo~5<
According to the &WQ\Q%(I'Q qQ S , S has a Se—{Qsesr~r  Define

c= Svec< CI"\’C‘\C%B
It is necessary to find a point zy in D~3\D \  such that

Let nbea &<\ % Then the number c— 1 /n is smaller than ¢ and is therefore not
an quu\wN%\ for the set S. Thus, there is a point z € [a, b] such that

Q(\ >c—1/n.

Choose such a point and label it . From this choice and from the fact that c is
an _JgRes Seewe2 for S, we see that

c—l/n<f(;( ) <c

for every index n. Hence the sequence

Ao
{f(z2)} comstreon ‘.

The geqvu-z‘\\\ CN‘,&\-@@&Q N . asserts that there is a subsequence {z,, } of {z,}

that converges to a point =Y. in [a, b].

Since f : [a,b] & Ris e cvow®  at o,

a3 S (e

But {f(z,,)} is a subsequence of {f(z,)} that converges to _C_

c= ,C(\L‘,S

The point zo is therefore a ™ et 2e<  of the function

Lemma 3.10. The image of a continuous function on a closed bounded interval, f : [a,b] — R, is
bounded above; that is, there is a number M such that f(z) < M for all z € [a,b].

f:[a,b] = R.
To complete the proof, we observe that the function
—f:[a,b] > R

is also _Corviewrou S, Consequently, using what we have just proven, we can select a
point in [a,b] at which — f attains a _¢&~o~fe~we~  value, and at this point the function

fila, b)) = R

attains a ea<es oUW~ yalue.
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Theorem 3.11 The Intermediate Value Theorem Suppose that the function
f:la, bl — R isccontinuous. Let ¢ be a number strictly between f(a) and f(b);
that is,

H)‘\% =C g(%b\‘:c'
f(a) < c < f(b) f(b) <c < f(a).

Then there is a point xg in the open interval (@, &) at which f(xy) = c.

FIGURE 3.4 A number between two functional values is also a functional value.
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Definition A subset D of R is said to beconvexprovided that whenever the points u
and v are in D and u < v, then the whole interval [u, v] is contained in D.

Theorem 3.14 Let [ be an interval and suppose that the function f: 7 — R is contin-

uous. Then its image f (/) also is an mterval ?Jﬁ%\ Q )

Mot (Qederm W\ of B
P N e RCQBN% N cs;\Q—

\

Proo

We show that the image f (/) is a convex set. Let y; and y, be points in f(7), with

y1 < y2. We must show that the closed interval [y;, y,] is also contained in f (7).
Indeed, let y; < ¢ < y,. Since y; and y, are in f([I), there are points x; and x, in /
with f(x1) = y; and f(x2) = y,. If we let J be the closed interval having x; and x;
as endpoints, then J is contained in / since, by assumption, the set / is an interval
and therefore is convex. Thus, we can apply the Intermediate Value Theorem to
the function f:J — R in order to conclude that there is a point xo in J at which
f(x0) = c. Thus, xy belongs to I and f(xp) = c. It follows that [ y;, y,] is contained
in f(I). [

7"’ MAQV\X\_ C_o~\\'> Ne—eggc @3~ 2\\\)\ o CN\X Q(\\k—
TmosTm . 08 Rea TNV
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Interval Notation

For a pair of real numbers ¢ and b such that ¢ < b, we define

(a,b)={xinR|a<x <b},
[a,b]={xinR|a <x <b},

(@a,b]={xinR|a <x < b},

[a,b) ={xinR |a <x < b}.

Moreover, it is convenient to use the symbols oo and —oo 1n the following manner.
We define
l[a,00) ={xmmR|a <x},
(—oo,b]={xmmR|x < b},
(@a,00)={xinR|a < x},
(—o00,b) ={xinR | x < b},

(=00, 0) = R.

(DS U NS S o Sedveeee

ST e Tamd o (3e) e e G



-! Table of Contents

Definition A function f: D — R is said to be uniformly continuous provided that
whenever {u,} and {v,} are sequences in D such that

Im [, —v,] =0,

n—00

then

nll»r{olo [f(un) — f(vn)] = 0.

Note carefully that in the above definition of uniform continuity there is no infor-
mation regarding convergence of the sequence {u,} to a point in the domain of f. The
concept of uniform continuity of f on D is formulated to capture the intuitive notion
that “the difference f(u) — f(v) becomes arbitrarily small for any two points # and v
in D that are sufficiently close to each other, no matter where the two points are located
in the domain.”

If a function f: D — R is uniformly continuous, then it is continuous.

Theorem 3.17 A continuous function on a closed bounded interval,
f:la, b] — R,

is uniformly continuous.
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Definition The ¢-§ Criterion at a Point A function f : D — R is said to satisfy the
€-§ criterion at a point x( in the domain D provided that for each positive number € there
is a positive number § such that for x in D,

| f(x) — f(xo)] <€ if |x — xo| < 6. (3.13)

In terms of the graph of the function f: D — R, the €-§ criterion at a point x
in D can be reworded as follows: For each symmetric band of width 2¢ about the line
y = f(x9) (no matter how small this width is), there is an interval (xo — 6, xo + 9),
centered at xo and of diameter 28 > 0, such that the graph of the restriction of f to this
interval lies in the given band.

FIGURE 3.6 The €-§ criterion for continuity at x;.

Theorem 3.20 For a function f: D — R and a point x in its domain D, the following
two assertions are equivalent:

i. The function f: D — R is continuous at xo; that is, for a sequence {x,} in D,

lim f(x) = f(x)  if lim x, = x.

n—>00

ii. The €-§ criterion at the point x, holds; that is, for each positive number ¢ there
is a positive number é such that for x in D,

f() = fxo)l <€ if |x — x| <. (3.17)
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Example 3.19 Define

. ifx <0
f(x)—{x——l if x > 0.

The function f:R — R does not satisfy the €-§ criterion at the point xo, = 0.
Indeed, take € = 1/2. Then there is no positive number § having the property that

-1/2 < f(x) < 1/2 if -6 <x <$§

since no ter what positive number § is sel iti bers x in

the interval (—4, 8) such x) < —1/2. .\M-& Wy -
N 84

y

) oo~ =0.
%(ii;uw (RS oI
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Definition The ¢-§ Criterion on the Domain A function f : D — R is said to satisfy
the €-4 criterion on the domain D provided that for each positive number € there is a
positive number § such that for all #, v in D,

| f(u) — f(v)] <€ if lu —v| < 3. (3.21)

Theorem 3.22 For a function f: D — R, the following two assertions are equivalent:

i. The function f: D — R is uniformly continuous; that is, for two sequences {u,, }
and {v,}in D,

im [f(u,) — f(v)] =0 if Iim [u, —v,] = 0.

n—o0C n—oo

ii. The function f: D — R satisfies the €-§ criterion at the domain D; that is, for
each positive number € there is a positive number § such that for u, v in D,

|f(u) — f(v)] <€ if lu — v| < 4. (3.22)



Continuous but NOT Uniformly Continuous

fix)=1/x on (0,1)
6 near xo = 0.9

6 near xo=0.1

0.5
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Uniformly Continuous

1.0

1.5

2.0
X

fix)=Vx on [0, =)

Same 6 works everywhere

2.5 3.0 3.5

4.0
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‘v’xOESV€>OE|5>O‘V’:U€S[|:U—xO|<5 = |f(:v)—f(:c0)|<5].

VS>OEI5>OVx0€S‘v’xES[|:I:—a:O|<5 — |f(:c)—f(x0)|<5]

The only difference between the two definitions is the order of the quan-
tifiers. When you prove f is continuous your proof will have the form

Choose o € S. Choose € > 0. Let § = 5(:1/:77;,5 Choose ¢ € S.
Assume |z — x| < 6. --- Therefore |f(z) — f(z0)| < €.

The expression for §(z, €) can involve both zy and € but must be independent
of z. The order of the quanifiers in the definition signals this; in the proof z
has not yet been chosen at the point where ¢ is defined so the definition of
0 must not involve . (The --- represent the proof that |f(z) — f(zo)| < €
follows from the earlier steps in the proof.) When you prove f is uniformly
continuous your proof will have the form

Choose € > 0. Let ¢ :@ Choose g € S. Choose x € S.
Assume |z — x| < 6. --- Therefore |f(z) — f(z0)| < €.

so the expression for § can only involve £ and must not involve either x or
Zy.

It is obvious that a uniformly continuous function is continuous: if we can
find a § which works for all zy, we can find one (the same one) which works
for any particular xy. We will see below that there are continuous functions
which are not uniformly continuous.

Quosce . Oc. Soe &eBotn () e w\\\\/w? WU S e
N\ RTHeN

/*\3
CL—\I L\F ‘62' .
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Definition The function f: D — R is called monotonically increasing provided that
f() = f(u) for all points «# and v in D such that v > u.

The function f: D — R s called monotonically decreasing provided that
f(v) < f(u) for all points # and v in D such that v > u.

A function that is either monotonically increasing or monotonically decreasing is said
to be monotone.

We will now show that a monotone function has the remarkable property that it
is continuous if its image is an interval. This result stands in sharp contrast to many
results in this chapter in which continuity of the function has been the assumption, not
the conclusion.

Theorem 3.23 |Suppose that the function f: D — R is monotone. If its image f(D)
then the function f is continuous.

Corollary 3.25 Let 7 be an interval and suppose that the function f:I — R is mono-
tone. Then the function f is continuous if and only if its image f(7) is an interval.

. 57072
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Definition The function f: D — R is called strictly increasing provided that

f) > f(u) for all points # and v in D such that v > u.

CONTINUOUS FUNCTIONS 77

The function f: D — R is called strictly decreasing provided that
f(v) < f(u) for all points # and v in D such that v > u.

A function that is either strictly increasing or strictly decreasing is said to be strictly
monotone.

Strictly monotone functions f : D — R have the property that for a point y in the
image f (D) there is exactly one point x in its domain D such that f(x) = y. This
property is important in general and therefore it has a name.

Definition A function f: D — R is said to be one-to-one provided that for each point
y inits image f (D), there is exactly one point x in its domain D such that f(x) = y.
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For a function f: D — R that is one-to-one, by definition, if y is a point in f (D),
there is exactly one point x in D such that f(x) = y. We will denote this point x by

F~Y(»), so we have defined the funCti(in//—Q ¢F _\/~
(F=1: f(D) - R, <

T fx) =x for all x in D;
fU N =y forall y in £(D).
As noted above, strictly monotone functions are one-to-one and therefore have

inverse functions.

Theorem 3.29 Let  be an interval and suppose that the function f : I — R is strictly
monotone. Then the inverse function f~': f(I) — R is continuous.
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Definition For x > 0 and rational number » = m/n, where m and n are integers with
n positive, we define

x' = (xm)l/n

Proposition 3.30 For r a rational number, define

fx)=x" for x > 0.

The function f : [0, oo) — R is continuous.
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Definition For a set D of real numbers, thé number x, is called a limit point of D
provided that there is a sequence of points in/D\ {xg},that converges ta/Xo.)

Definition Given a function f: D — R and a limit point x of its domain D, for a
number £, we write

lim f(x) =¢ (3.30)

X—X0
provided that whenever {x,} is a sequence in D\{x,} that converges to x,,

lim f(x,) =¢.

n=->o0Q

We read (3.30) as “The limit of f(x) as x approaches x, with x in D, equals £.”

Theorem 3.37 For functions f: D — Rand g: U — R, suppose that x is a limit point
of D such that

lim f(x) =y, (3.39)

X=X

and that y, is a limit point of U such that

Iim g(y) = 4.

Y=Y

Moreover, suppose that

f(D\{xo}) is contained in U\ {yp}.

lim (g o f)(x) = ¢.




Table of Contents

" - o
oo™ \)\:@ NS PR I
o C&T .

o Sefs K==L

- LIED\L €
N L



Table of Contents

Tangent Lines and Derivatives

To make the above precise, we need to define the tangent line. For a function f : [ — R,
where 7 is a neighborhood of the point xg, observe that for a point x in 7, with x # xy,
the slope of the line joining the points (xo, f(x()) and (x, f(x)) is

f(x) — f(xo)

X — X0

(x, f(x)) y =f(x)

fx) — flxp)
(-an f(xO))

FIGURE 4.1  Approximation of the slope of the tangent line at the point (xo, f (xp)).

It is reasonable to expect that if there is a tangent line to the graph of f:/ — R at
(x0, f(x0)), which has a slope m, then one should have

) = fe) _
m =

X—>X0 X — xO

my.

For a number xg, an open interval / = (a, b) that contains x is called a neighborhood
of xo. e (o (oo
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Definition Let / be a neighborhood of x,. Then the function f:/ — R is said to be
differentiable at x( provided that

" f(x) — f(xo)
im

X—> X0 X — Xg

(4.2)

exists, in which case we denote this limit by f’(xp) and call it the derivative of f at x;
A3

that is, ST
f/(xo) = lim f()C) - f(XO).

X— X0 X — _XO

(4.3)

If the function f: 7 — R is differentiable at every point in 7, we say that f is differen-
tiable and call the function f': I — R the derivative of f.

Differentiable Functions are Continuous

Proposition 4.5 Let / be a neighborhood of x, and suppose that the function f : / — R
is differentiable at xo. Then f is continuous at x.

Proof
Since

lim L&) — f(x0)

X=X X — Xg X—>xq

= f'(xo)  and lim [x — xo] = 0,

it follows from the product property of limits that
f00) = fxo)

X — Xp

xli_,r?o[f(x) — f(xo)] = Xli_{I}O (x = xo)| = f'(x9) -0 =0.

Thus, lim,,,, f(x) = f(xo), which means that f is continuous at x;.

As Example 4.3 shows, it is not true that continuity of a function at a point implies
the differentiability of the function at that point.
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Use induction to prove the differentiation formula (-
numbers n, making use of the differentiation formulas

4(fg) = f% + g% that is, the product rule.
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Theorem 3.29 asserts that if / is an interval and the function f:I — R is strictly
monotone with image J = f(I), then its inverse function f~!:J — R is continuous. It
is natural to consider the question of the differentiability of the inverse function f ! at the
point yo = f(xo) in J if f is differentiable at x,. We will show that if f is differentiable
at xo with m = f'(x,), then if m # 0, the inverse function f~! is differentiable at y,
and its derivative at y, equals 1/m. Before proving this, we explain geometrically why
this formula is natural.

Indeed, suppose that the function f: I — R is differentiable at x, and its tangent
line ¢ at the point p = (x¢, yp) is not horizontal. This means that

m = f'(xo) # 0.

Then it appears that the tangent line to the inverse function at the point p is also the same
line £. From the viewpoint of the inverse function, the line ¢ is now defined as the graph

of a function with domain on the vertical axis, and therefore its slope is the reciprocal
of m = f'(xp).

FIGURE 4.3 (f~ ') (y) = 1/f'(x0).
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Theorem 4.11 Let I be a neighborhood of xo and let the function f : I — R be strictly
monotone and continuous. Suppose that f is differentiable at o and that f’(mo) # 0. Define
J = f(I). Then the inverse f~':J — R is differentiable at the point yo f(zo) and

(——3
(f” )(yo) «Q( o\ @4((‘33’

Proof. 1t follows from the Intermediate Value Theorem that J is a neighborhood of =
f(zo). For a point y in J, with y # yo, define o

o= £

_ L
B _f(xo)'

r — X

Since the inverse function f~!: J — R is continuous,

AN
lim z = lim '(\'( :'Q ""'Ea:.
Y—Yo Y—Yo e
By the composition property for limits, the quotient property of limits, and the definition of
the differentiability of f : I — R at x,, it follows that

r 2 1 1
[ —~ lim —* 7 — |lim ———————— =~
\'Q )(\30 Yy—yo Y—Yo f( ) f(CC()) ’Q'(Ko\

r— T
Thus, f~!: J — R is differentiable at %: .
o
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Corollary 4.12 Let I be an open interval and suppose that the function f:7 — R is
strictly monotone and differentiable with a nonzero derivative at each point in /.
Define J = f(I). Then the inverse function f~!:J — R is differentiable and

(f_l)'(X) = —]—C'—(}_:l_ia_)‘)‘ forall x in J. (4.6)

The Derivative of the Composition

We have shown that the composition of continuous functions is continuous. The compo-
sition of differentiable functions is differentiable, and there is a formula for the derivative
of the composition. This is the content of the following theorem.

Theorem 4.14 The Chain Rule Let / be a neighborhood of x, and suppose that the
function f:I — R is differentiable at xy. Let J be an open interval such that

f(I) € J and suppose that the function g : / — R is differentiable at f(x(). Then
the composition g o f : I — R is differentiable at x; and

(g o f)'(x0) = g'(f (x0)) [ (x0). (4.7)
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Recall that a function f : R — R is called “even” if f(—z) = f(z) for all z, and f is
called “odd” if-f(—z) = —f(x) for all z.

L FAERAPAEAN

( \O Suppose f is odd and contimg)us.

&

Show that if g(z) = f(z) + f(—z), then we’ve found another example in which we
can prove ¢ is continuous, and that ¢ is not dependent on € in our proof.

Can you come up with another example?
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We will now prove one of the most useful and geometrically attractive results in calculus,
the Mean Value Theorem?. It asserts that if the function f:la, b] — R is continuous
and its restriction to the open interval (a, b) is differentiable, then there is a point x in
the open interval (a, b) with the property that the tangent line to the graph at the point
(x0, f(xp)) is parallel to the line passing through the points (a, f(a)) and (b, f(b)).

2 This theorem is often called the Lagrange Mean Value Theorem in order to distinguish it from the
Cauchy Mean Value Theorem that we will prove in the next section.

To prove the Mean Value Theorem, it is convenient first to prove some preliminary
results.

Lemma 4.16 Let / be a neighborhood of xp and suppose that the function
f : I — Risdifferentiable at x,. If the point x; is either a maximizer or a minimizer
of the function f:1 — R, then f'(xp) = 0.

X0

FIGURE 4.4  f'(x;) = O if the point x; is a minimizer or a maximizer for the function f.
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Theorem 4.17 (Rolle’s Theorem) Suppose that the function f : [a,b] — R is continuous
and that the restriction of f to the open interval (a,b) is differentiable. Assume, moreover,

fhat L :€<\OB ,

Then there is a point zo in the open interval (a,b) at

LG

Proof. Since f : [a,b] — R is continuous, according to the ; it attains
both a value and a value on |[a, b].

Since = , if both the maximizers and the minimizers occur at the
endpoints, then the function f : [a,b] — R is , so f'(x) = 0 at every point z in
(a,b).

Otherwise, the function has either a or a at some point ¢ in the open
interval I = (a,b), and hence, by the preceding , at this point =0.
L
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Theorem 4.18 (The Mean Value Theorem) Suppose that the function f : [a,b] — R
is continuous and that the restriction of f to the open interval (a,b) is differentiable. Then
there is a point xo in the open interval (a,b) at which

f'(o) = —=5———

Proof. For a number m, we wish to apply to the function A : [a,b] — R
defined by

h(z) = —mx

for z in [a, b]. To do so, we must have h(a) = h(b), and this occurs precisely when we choose

f(b) — f(a)
b—a

m

For this choice of m, we apply Rolle’s Theorem to choose a point z; in the open interval
(a,b) at which h'(z¢) = 0. Since h'(z) = — m at this point z,

dF As a general principle, if we have information about the derivative of a function
that we wish to use in order to analyze the function, we should first try to apply the
Mean Value Theorem. The remainder of this section comprises various applications of
this strategy.

fb) - f(a)

f'(x0) = b —a

(x0, f(xp))

|
[
|
: If(b) = fla)
|
|

FIGURE 4.5 The tangent line is parallel to the segment joining the endpoints.
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The Identity Criterion

A function f : D — R is said to be constant provided that there is some number ¢ such
that f(x) = c forall x in D.

Lemma 4.19 Let / be an open interval and suppose that the function f:7 — R is
differentiable. Then f : / — R is constant if and only if

f'(x)=0 for all x in /.

Proposition 4.20 The Identity Criterion Let / be an open interval and let the functions
g:1 — Randh:1 — Rbe differentiable. Then these functions differ by a constant
if and only if

g'(x)=h'(x) forallxinl. (4.10)

In particular, these functions are identically equal if and only if (4.10) holds and
there is some point x; in / at which

g(xp) = h(xp).
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A Criterion for Strict Monotonicity

Corcllary 4.21 Let I be an open interval and the function f : I — R be differentiable.
Suppose that f'(x) > O for all x in /. Then f: I — R s strictly increasing.

A Criterion for Selecting Maximizers and Minimizers

Definition A point x; in the domain of a function f:D — R is said to be a local
maximizer for f provided that there is some é > O such that

f(x) < f(xp) for all x in D such that |x — xg| < 4.
We call xg¢ a local minimizer for f provided that there is some § > 0 such that

f(x) > f(xp) for all x in D such that |[x — x| < 4.
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For a differentiable function f:/ — R that has as its domain an open interval /,
we say that f:/ — R has one derivative if f:I — R is differentiable and define
fW(x) = f'(x) for all x in /. If the function f': 1 — R itself has a derivative, we say
that f:./.— R has two derivatives, or has-a second derivative, and denote the derivative
of f/:1 - Rby f":1 - Rorby f@:1 — R. Now let k be a natural number for
which we have defined what it means for f:/ — R to have k derivatives and have
defined f® :I — R. Then f:1 — Ris said to have k + 1 derivatives if f® :1 — R
is differentiable, and we define f**":7 — R to be the derivative of f®:7 — R. In
this context, is it useful to denote f(x) by f@(x).

Theorem 4.22 Let / be an open interval containing the point xo and suppose that the
function f : / — R has a second derivative. Suppose that

f'(xp) =0.

If f"(x9) > 0, then x is a local minimizer of f.
If f"(xg) < 0, then xq is a local maximizer of f.
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Theorem 4.23 (The Cauchy Mean Value Theorem) Suppose that the functions f :
[a,b] &> R and g : [a,b] = R are continuous and that their restrictions to the open interval
(a,b) are differentiable. Moreover, assume that

#0 for all z € (a,b).

Then there is a point xy in the open interval (a,b) at which

FO) = fla) _ (Ko )
_*eo )

Proof.

To prove this theorem we will use Rolle’s Theorem in a manner similar to the way we proved

the Mean Value Theorem. For a number m, we wish to apply Rolle’s Theorem to the function
h : [a,b] = R defined by

h(z) = f(z) — mg(z) for z € [a,b].
To do so, we must have h(a) = h(b), and this occurs precisely when we choose
)= f(a)
9(b) — g(a)

For this choice of m, we apply Rolle’s Theorem to choose a point x, in the open interval
(a,b) at which ) =0. Since h'(z) = [~ , at this point xzg,

f'(zo)

O\Pée,.r\rq MT F\fQ
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Theorem 4.24 Let I be an open interval and n be a natural number and suppose that the

function f: I — R has n, derwatwes Su&gose also that at the point zqy in I,
e4~ :‘ C{f-\ ’#

c“’ 'L¢(‘<_~§( F‘f(k) )=0 for0<k<n-1

Then, for each pomt x # xg in I, there is a point z strictly between x and xy at which

A
Proof. 7 S5
Define g(z) = (z — xo)" for all z in I. Then

d®(zo) = _O ,for0<k<n—1

and
g(n) (az 0) s N

Let x be a point in I with x # z,. Without loss of generality, suppose that x > x,. Applying
the Cauchy Mean Value Theorem to f : [zo,z] = R and g : [zo,z] — R, we can select a
point z; in (xg,z) at which -0

f(a:) ,@(KX’"«C(’CO\ _ "Qt(ij

mzqz_ﬁg;af_hl—%itﬁ-

~ =0
Next, we apply the Cauchy Mean Value Theorem to f’ and ¢’ on [z, z;] to select a point z,

in (zg, 1) satisfying
(o) KON~ EUD_ K6
g,(x ) = é‘* Q(’“’:n\ "C%’;\
1

By repeating this process with successively higher derivatives, we eventually obtain a point
~. in (zg, z) such that (4
= e, K )
1)
f( ) . q ("‘\('F,\\ (\\‘
9(z)

This gives

5N%Q) (¥ o)

Setting z = x,,, we obtain the desired result.

o~ o
T s
o=\ ‘L-—\[—fb
(D=~ o) o~ = ol Sl

(D)= e\ ANt % =
RSN C R e (- %>
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For certain functions f :[a, b] — R that we call integrable, we will define a number

called the integral of f on [a, b] and denoted by fab f. Four principal goals of this
chapter are to

i. Define the concepts of integrable function and integral and then establish a criterion
for integrability we call the Archimedes—Riemann Theorem.

ii. Prove that a continuous function f :[a, b] — R is integrable.

iii. Prove the First Fundamental Theorem (Integrating Derivatives), which states that
for a continuous function F : [a, b] — R that has a continuous bounded derivative
on the open interval (a, b), the following integration formula holdsr‘.\

/ F'(x)dx = F(b) — F(a). TS

S S o
iv. Prove the Second Fundamental Theorem (Differentiating Integrals) which states that
for a continuous function f : [a, b] — R,

d X
Ix [/ f(@) dt} = f(x) for all x in the open interval (a, b).
X a

Let ¢ and b be real numbers with ¢ < b. If n is a natural number and
Aa=2Xy)<X] < '+ <Xp_1 <X, =>b,

then P = {xo, ..., x,} is called a partition of the interval [a, b]. For each index i > 0,
we call x; a partition point of P, and if i > 1, we call the interval [x;_;, x;] a partition
interval of P. The crudest partition of [@, b] occurs when n = 1, so that xy = @ and
x1 = b, in which case there are just two partition points and one partition interval of the
partition P.
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left sum: 7, is the left endpoint of [x; |, x;]
right sum: 7, is the right endpoint of [x; |, x;]
midpoint sum: ¢, is the midpoint of [x; _, x;]

Let £ (x) = x* and let [-1, 2] be partitioned by P= {-1, 0, 1, 3
Find the three Riemann sums listed above.

Solution For each of the Riemann sums, the #, are shown in Figure 5.13. Using

that information, we find the following values: -

1 0 1 ) e
r——

4
left sum: E f) A =f(-1)- 1 +.}7‘J(f)'\) . 1 +.’fd(\"1) : % + f(%)
k=1

B
2

9,“/4
0 1 7 e

4
right sum: kZ f(t) Ax; =f((\)_)\ -1 +‘,7(/T) s Tk f(;) : ;
=1

1/4 1/4 25/16

T XU RNy of
midpoint sum: kzl f(t,) Ax;, —f( 5 L4 5 5 i 1) 5

-
N

Left sum

oW+

(NSTEUSIE

Right sum

-
N

Midpoint sum

N -
N e

FIGURE 5.13
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Suppose that the function f : [a, b] — R is bounded and that P = {xp, ..., X,} is
a partition of its domain [a, b]. For each index i > 1, we define

2752\0
m; = inf{f(x) | x in [x;_, x;]}

and ,Qu\o
M; = sup{f(x) | x in [x;—, x; ]}.

S

i

FIGURE 6.2 Approximation of the area over the partition interval [x,_, x;].

We then define gt

2

L(f,P)= Zmi(xi — Xj-1)
i=1

2\)?%‘0531%9*%”(\
UfP)Y =Y Mi(xi —xio).

\ i=l

L(f. P) U(f, P)

P = {xy, X1, X9, X3, X4, X5} P = {xg, Xy, X9, X3, X4, X5}

e .
X4 b= x; a=X X X» X

FIGURE 6.3 Upper and lower Darboux sums.
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We will frequently use the fact that if P = {xo, ..., x,,} is a partition of the interval
[a, b], then the length of the interval [a, b] is the sum of the lengths of the partition
intervals of P that is,

&

b—a= Z(xl- — Xj-1).< @/@Sk (‘ﬁ ;//\\A . (()5)

i=1

&m\w;,

\_Q}\rs QQST N case Q&&vu}“\s\ APRANN Q(?:\kx\'iz_\

Lemma 6.1 Suppose that the function f : [a,b] — R is bounded and the numbers m and M
have the property that

N << NN

Then, if P is a partition of the domain [a,b],

m(b—a) < (;lg ) and
Proof.

Let P = { X, }. For each index ¢ > 1, the number m is a lower bound for the
set {f(z) | € [x;_1, ]}, so that, by the definition of infimum,

m <

Thus, by the sum of lengths formula (6.5),

m(b—a) = 'mz____

i=1
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Lemma 6.2 The Refinement Lemma Suppose that the function f:[¢, b] — R is
bounded and that P is a partition of its domain [«, b]. If P* is a refinement of P,
then

L(f,P)<L(f,P") and U(f, P") =U(f, P).

=% Given two partitions P, and P, of the interval [a, b], the partition P* formed by
taking the union of the partition points of P; and of P; is a common refinement of P; and
P, since P* is a refinement of both P; and P;. s¢ ;

Upper and Lower Integrals

Definition Suppose that the function f :[«, b] — R is bounded. Then we define the
lower integral of f on [a, /], which we denote by ;[f f, by
b (eos™ N Qes RGNS
/ f =sup{L(f, P)| P apartition of the interval [a, b]}. (6.8)

We define the upper integral of f on [a@, b], which we denote by f_a ’ f, by

b
/ f =inf{U(f, P) | P apartition of the interval [a, b]}.

TromRE .
oo LELS = (122 Sesd

—
U(«C\QQ;\: i\\i(g\é,z). Lot

D
TN g’% = C’J\é %.rcf i
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\3 Let f(z) = 2® — 222 — z — 1. Prove that there is'a number c such that f(c) = 1.

Let g(z) =sin1/z for 0 < z < 1. Prove that g is not uniformly continuous on (0, 1).

Let f : R — R such that —2? < f(z) < 2? for all z. Prove by using the definition of
the derivative that f'(0) exists, and that f/(0) = 0.

~ Then find

(;> For ¢ > 0, prove that the following equation does not have two solutions:

x> =3x4+c=0, O0<x <.
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)\> Let g(z) =sin1/z for 0 < z < 1. Prove that g is not uniformly continuous on (0, 1).
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~ Let f: R — R such that —2? < f(z) < 22 for all z. Prove by using the definition of

the derivative that f'(0) exists, and that f/(0) = 0.
— e »
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e domain of 2. Then find
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For ¢ > 0, prove that the following equation does nothave two solutions:

x> —=3x+c¢c=0, O<x <1
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Definition Suppose that the function f :[a, b] — R is bounded. Then we say that
f :[a, b] — R isintegrable, or that f is integrable on [a, b], provided that

[r=[

When this is so, the integral of the function f : [a, b] — R, denoted by fab £, 1s defined

by

Theorem 6.8 The Archimedes—Riemann Theorem® Let f:[a, b)] — R be a
bounded function. Then f is integrable on [a, b] if and only if there is a sequence
{P,} of partitions of the interval [a, b] such that

lim [U(f, P,) — L(f, P,)]=0. (6.15)

n—oo

Moreover, for any such sequence of partitions,

n— o0

b b
lim L(f, Pn)=/ f  and lim U(f, Pn)=/ f. (6.16)

n—oo

Definition Let the function [a, b]: R — R be bounded and for each natural number
n let P, be a partition of its domain [a, b]. Then {P,} is said to be an Archimedean
sequence of partitions for f on [a, b] provided that

llingo [U(f, P,) — L(f, P,)] =0.
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Lemma 6.7. For a bounded function f : [a,b] = R and a partition P of [a,b],

L(,P) < _/abf < /;bf < U(f,P).

As a consequence, we also have the following three inequalities:

0 < /;bf - _/abf < U(f,P) - L(J, P),

< U(f,P) — [f < U(f,P)— L(/, P),

/ f - L(f,P) < U(,P)— L(f,P).

Qostor

Proof.
Since the is an K4 for the collection of lower
Riemann sums and the s ¢ , 1S __ for the collection

of upper Darboux sums, we have

=

But, according to Lemma 6.42,

<

Therefore, the first inequality holds, and the last three inequalities follow immediately from
this one. W

Lemma 6.4. For a bounded function f : [a,b] — R,

_/abe /;bf-
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Regular Partitions

Definition For a natural number #, the partition P = {xo, ..., x,} of the interval [a, b]
defined by

b—a
x,-:a-l-i( a) forO<i <n
n

is called the regular partition of [a, b] into n partition intervals.

A regular partition of [, b] into n partition intervals is characterized by the fact
that all of its partition intervals have the same length, namely, (b — a)/n.

%—%'\Wg\wo&mﬁm‘:?p}\\n QUK\.QK\\QA/
2 O~ N\~ e~ QS;— S— (Qg}x\\\\a\,\ .

The Gap of a Partition
Definition For a partition P = {xo, ..., x,,} of the interval [«, b], we define the gap of
P, denoted by gap P, to be the length of the largest partition interval of P; that is,

gap P = max[x; — x;_;].

1<i<n

Observe that for a partition P and a positive number ¢, gap P < ¢ if and only if
ach partition interval of P has length less than €.
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Definition A function f:[a, b] — R is called a step function provided that there is
a partition P* = , ..., 2} of its domain [a, b] and numbers ¢, ..., ¢; such that

forl <i <k,

f@)=a for all x in the open partition interval (z;_1, z:i)-

Leibnitz Notation

For an integrable function f :[a, b] — R, we have denoted the value of the integral by
the symbol fuh f. The value of the integral is also often denoted by symbols such as

b b
/ f(x)dx or / f()dt.

6



%k&é@&x%é“(\“\&w“\ e T
\/‘,\NQ,Q\\\E) (& -QSX

Theorem 6.12 Additivity over Intervals Let the function f:[a, b] — R be inte-
grable on [a, b] and let ¢ be a point in the open interval (¢, b). The f is integrable
both on [a, c] and on [c, b], and furthermore,

/abf:/acf+/cbf. 6.27)

Theorem 6.13 Monotonicity of the Integral Suppose that the functions f : [a, b] —
Rand g:[a, b] — R are integrable and that

f(x) <glx) for all x 1n [a, b].

/abe/abg.

Then

Theorem 6.13 (Monotonicity of the Integral). Suppose that the functions f : [a,b] = R
and g : [a,b] = R are integrable and that

f(z) < g(z) forall z € [a,b)].

b b
Trefs
Proof.

By the and the , there is a sequence {P,} of
partitions of the interval [a,b] that is both an
of partitions for f on [a,b] and for g on [a, b]. Therefore,

n—o0 n—oc

b
lim \ J{ &, _:/ f and lim

Since
< for all z € [a, b],

it follows directly from the definition of the 2 that for

each index n, —) ecouS e L.

< Q 0 rk-
o e \
Thus, C}d\b\l-}"}(“ TN \2bS Reo~r ¢ <

o &8~

b °) b
/f = lim < lim A ) = / g.

n—oo n—00
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Lemma 6.14 Let f:[a, b] — R and g:[a, b] — R be bounded functions and let P
be a partition of their domain [a, b]. Then

L(f,P)+L(g P)<L(f+g,P) and U(f+g P)<L(f,P)+U(g, P).

(6.30)
Moreover, for any number «,

U(af, P) =aU(f, P) and L(af, P) =al(f, P) ifa >0
Ulaf, P) =aL(f, P) and L(af, P)=aU(f, P) ifa <0. (6.31)
L__) %Wk (5 '}{\r\g_ ~ C\}K\J}\ﬁ'\cﬁ\ r\(\e_s—&?

Theorem 6.15 Linearity of the Integral Let the functions f:[a, b)] — R and

g:la, bl — R be integrable. Then for any two numbers o and f, the function
af + Bg:la, bl — Risintegrable and

b b b
/[af+ﬁg]=0f/f+f3/8- (6.33)

Corollary 6.16 Suppose that the functions f:[a, b] — R and |f|:[a, b] — R are

integrable. Then

b b
/ f(x)dx 5/ | f(x)dx. (6.35)

'QC%\":QKN% “\\Ce\'ﬂg NUS \SF-Y0y 0_?20(&\& ?'\RQSQN\?\'}‘\\‘\\
OX"C"’\ ?c\}i‘ﬁ_cb,‘l‘v—-\ L AN o< b~ N\ € o~ YR
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Our primary goal in this section is to show that a continuous function on a closed bounded
interval is integrable. To do so, it is useful to first isolate the following estimate of the
difference of upper and lower Darboux sums for a continuous function.

Lemma 6.17 Let the function f :[a, b] — R be continuous and let P be a partition of
its domain [@, b]. Then there is a partition interval of P that contains two points u
and v for which the following estimate holds:

0<U(,P)—=L(f. P) Z[f(v) — fW)][b — al. (6.36)

Theorem 6.18 A continuous function on a closed bounded interval, f : [a, b] >R, is
integrable.

This limit, together with the inequality (6.38), implies that

. ok
—~Q © | . |
# \&N\ 0 S llm [U(f, Pn) - L(fs Pn)] E llm”[f(v,,) - f(ll,,)][b - [1] — 0
Thus, the sequence {P,} is an Archimedean sequence of partitions for f on [a, b].
According to the Archimedes-Riemann Theorem, f is integrable on [a, b]. "

Recall that Theorem 3.17 asserts that a continuous function on a closed bounded
interval, f :[a, b] — R, is uniformly continuous; that is, for any two sequences {u,}
and {v,} in its domain [«, b],

Iim [f(u,) — f(v,)] =0 if lim [u, —v,] =0.

n—oo n—oo

This is the property of a continuous function on a closed bounded interval that implies
that it is integrable.

Theorem 6.19 Suppose that the function f:[a, ] — R is bounded on the closed
interval [@, b] and is continuous on the open interval (¢, ). Then f is integrable
on [a, b] and the value of the integral, f{ f f, does not depend on the values of f at
the endpoints of the interval.

< Rty RNl QR EpIT DT % od~
oOJ o< ) ‘
i \e:gjgu\\ ,X%-J:\;\bé‘?i\/i O-SR o QVA&Q QL U XY
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Theorem 6.22 The First Fundamental Theorem: Integrating Derivatives Let the

function F :[a, b] — R be continuous on the closed interval [¢, b] and be differ-
entiable on the open interval (¢, b). Moreover, suppose that its derivative

F':(a, b) — R is both continuous and bounded.

n g)eg-“_'f::\s< &

fir?(a%fm

b
/ F'(x)dx = F(b) — F(a).

a

(oot

oo~
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Multiplying this last inequality by x; — x;_; and substituting the Mean Value For-
mula (6.46), we obtain (¢ &ﬁ s R 3

mi(x; —xi—1) < Z;(Xi) ‘“‘F(xz?l\)ﬁf M;(x; — xi—1).

Summing these n inequalities, we obtain the following inequality:

Y omii—xim) £ ) IF) — FOoi)] < ) MG — %)
=1 i=1 i=1

The left-hand sum is L( f, P), the right-hand sum is(R( f, P), and moreover,

Lemma 6.21 Suppose that the function f : [a, b] — Risintegrable and that the number
A has the property that for every partition P of [a, b],

L(f,P)<A<U(f P).
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Example 6.25 Define
e

There is now no possibility of applying the First Fundamental Theorem (Integrating

Derivatives) in the evaluation of f; f since the function f : {2, 6] — R doesnothave

an antiderivative (Exercise 4). Since this function is a step function;it is integrable.
. . 6 .

It is not difficult to see that [, f = 4 (Exercise 3).

4. Define

Fx) 4 if2<x<3
x) =
0 if3<x<6.

a. Use the Identity Criterion to show that if there is an antiderivative F : [2, 6] — R
for f, then there are numbers ¢; and ¢; such that

4x + ¢ if2<x<3
F(x)= , )
(&) if3<x <6.

— N hesheermee © &~
'XC_ ?‘\&eé (:c \nons o on \
(0-\ y= XA < mefaz.g?*‘“mi\’*‘m
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AL AE® N = U
- C S sYoe PR <= .
o

S DN s .t

gea> T
%@wa\-%\h K=
W (D7 0% 7

o=
‘* Proposition 4.20 The Identity Criterion Let / be an open interval and let the functions

g:1 — Randh:1 — Rbedifferentiable. Then these functions differ by a constant
if and only if

g'(x)=h(x) for all x in /. (4.10)

In particular, these functions are identically equal if and only if (4.10) holds and
there is some point x; in / at which

8(x0) = h(xo).
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. 4 if2<x<3
x) =
A 0 if3<x <6.

a. Use the Identity Criterion to show that if there is an antiderivative F : [2, 6] — R

for f, then there are numbers ¢; and ¢; such that

4x + ¢ if2<x<3
F(x)= " )
¢ if3<x<6.

b. From (a) show that by the continuity of F atx = 3,12 +¢; = ¢,.

A St Y ?T T oe .1\6 (:" C eq\%
@\6’2&&& SVMEM; ST R%N\\\w
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3%..'2‘:-3
el B ey o7
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¢. Show that the function F cannot be differentiable at x = 3 and therefore that the

function f does not have an antiderivative.

Cor % eCEL W= WD Jomg e o et o

h o
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By an antiderivative of f we mean a continuous function F:[a, b] — R having a
derivative on the open interval (a, b) such that

F'(x) = f(x) for all x in (a, b). (6.48)

#¢- The above examples illustrate both the power and the limitations of the First Fun-
damental Theorem (Integrating Derivatives). It replaces the problem of calculating f f
with the problem of finding an antiderivative for f. Frequently one can recognize an
antiderivative, but there are cases when an antiderivative is not readily recognizable and
there are cases where there 1s no antiderivative.
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Theorem 6.26 The Mean Value Theorem for Integrals Suppose that the function
f :la, b] — Ris continuous. Then there is a point xj in the interval [«, b] at which

b
f = f(xo).

Ja

Proposition 6.27 Suppose that the function f :[a, b] — Ris iri?&abl_a Deﬁne\p
: 0 e

F(x) = f for all x in [a, b]. o~
a e Qexreadoas - 9‘\'\0}\2 \5,\
Then the function F : [«, b] — R is continuous. Wtk | o~ G tTD

FIGURE 6.7 Shaded area equals F(x) — F(xo).
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Theorem 6.29 The Second Fundamental Theorem: Differentiating Integrals Sup-
pose that the function f :[a, b] — R is continuous. Then

d

— [/r f] = fix) for all x in (a, b).
% |

A \SY S wo\\ﬁfzcm TN

F(x) = / i for all x in [a, b).

We have already verified that the function ¥ :[a, b] — R is properly defined and
is, in fact, continuous. Let x( be a point in (a, b). We must show that

i Fl%) = L%}
1m
X—>Xx0 X — Xp

= f(xo).

Let x be a point in (a, b) with x # x,. By the additivity over intervals property of
the integral, Theorem 6.12,

F(x) —

F(x) -
\Oﬁ-"/

Consequently, applying tﬁ§Mééiﬁ Value Theorem for Integrals, we see that we can

select a point ¢ ween x, and x such that
&
‘G(Lf\i@(x) - F(x

0) _
LTSS e, fe(x)).

'\ I

“r —F
But the function f :[a, b] — R is continuous at x, so that

xli_>r§0 fle(x)) = f(xop).

F'(x0) = lim )= 1) —

X—=>Xp X xO

Xli_)rgclo fc(x)) = f(xg).
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Definition Let the function f :[a, b] — R be integrable. Let ¢ and d be numbers in
[a, b] such that ¢ < d. We define

L) Lok §:T— T ‘oo TReg A Lo o Aotad-ooeelsd
- de s\ (S,,Ki\»\f\ «Q—of DR Qo“\m *\\\’\g\wé

I G P F
DR '7[')_

Rk

Corollary 6.31 Let [ be an open interval and suppose that the function f:7 — R is
continuous. Fix a point x; in /. Then

d

“[/xf:lzf(x) for all x in 1.
dx |/,
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p1(x)=£(0) + f'(0)x
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FIGURE 9.2

"(0) ,

po(x) = f(0) +f7(0)x + X
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Order of Contact of Two Functions

Definition Let / be a neighborhood of the point xy. Two functions f:/ — R and
g: 1 — R are said to have contact of order 0 at x, provided that f(xy) = g(x¢). Fora
natural number 7, the functions f and g are said to have contact of order n at x, provided
that f: 7 — R and g: 7 — R have » derivatives and

F®x0) = g®(xp) for0 <k < n.

Proposition 8.2 Let I be a neighborhood of the point xy and let n be a nonnegative integer.
Suppose that the function f : I — R has n derivatives. Then there is a unique polynomial
of degree at most n that has contact of order n with the function f : I — R at xo. This
polynomial is defined by the formula

NN o'sxg\d\f Q Q\\ax\am’\hl\\l‘ A

f(k) (Io)
k!

f(n) (LL‘())

k
(o= z0) o+

pn(l‘) — f($0) 5 fl(-TO)(-T = IO) s e (:I: — .’130)".

Proof. If n = 0, then note that there is only one constant function whose value at z is

So suppose that n > 1. From the differentiation of powers formula, it follows that

dk
W[pn(a:)] = for0<k<mn,

lz=xq

so the function f and the polynomial p, have contact of order at .
It remains to prove uniqueness. However, if we take a general polynomial of degree at most
n, written in powers of x — z( as

p(z) =co+ci(x —x0) + - + cn(x — 20)",

then, again from the differentiation of powers formula, we have that

dk

@[p(x)] for0<k<n.
So that if the polynomial p has contact of order n with f, we must have klc, = <
for 0 <k <n;thatis,p= 0 y |
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For two functions that have a high order of contact at a point, it is reasonable to
€xpect that near this point the difference between the functional values will be small. In
Particular, if 7 is a neighborhood of the point xo and p, is the nth Taylor polynomial for
the function f:7 — R at xo, one expects that for another point x in /, the difference
f(x) — p,(x) can be estimated and shown to be small if x is close to xo and n is large.

What is really surprising is that frequently it happens that

nlirgcif(X) — pn(x)] =0,

even when the point x is far away from x,. As we will show in Section 8.6, it can also
happen that the Taylor polynomials for certain functions do not provide good approx-
imations at any point x other than xy, no matter how large the index' n. We define
R,(x) = f(x) — p,(x) for all x in /, so that

f(x) = p,(x) + R,(x) for all x in 7,

and call R, : I — R the nth remainder. In Section 8.2, we will begin a rigorous analysis
of this remainder.
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Interval of

Function and Series First Few Terms
Convergence
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o S A o Sl 7 Y
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: o x2n+1
tan " x = (—-1)"
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9Convergence at x = +1 depends on the value of k.
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Lemma 8.7 Let I be an open interval and let n be a nonnegative integer and suppose
that the function f:7 — R has n + 1 derivatives. Suppose also that at the point
X0 in 1,

f('k) (X(‘,) =0 for 0 < k =n.
Then for each point x # xj in /, there is a point ¢ strictly between x and x; at which

B f(n+1)(c) /\M‘

flx)= TESN (x = xp)".

The general remainder theorem is a simple extension of the above lemma.

Theorem 8.8 (The Lagrange Remainder Theorem) Let I be a neighborhood of the
point xo and let n be a nonnegative integer. Suppose that the function f: 1 — R hasn+ 1
derivatives. Then for each point x # xy in I, there is a pownt c strictly between x and xq

such that - )
k : (uu)(c) T @jzo‘*‘}'—b’;

(n+1)!

Proof 6«)},\0“ Q o\:}v\vvb\\

Consider the nth Taylor polynomial for the function f at xg,
pa(z) =

Since the functions f and p, have contact of order n at zy, it follows that if we define the
function R: I — R by

R(z) = ’Q(‘f‘w {&7 o (‘/\\ for all z € I,

then

R(zo) = RI(-TU) == R(")(-To) =

According to the preceding lemma, if = # z is in I, then there is a point ¢ strictly between
x and zg such that
R™1(c)
R(z) = T—To)
(@) (n+1)! (z—20)

But since p,, is a polynomial of degree at most n, its n+1 derivative is identically
and therefore CD

R(nv‘l)(c) is f(ull)(c) _pslulll(c) e B .
From the previous equation it follows that _ﬁ\—"‘cr’wri:._éﬁ"(
f(.’l:) *pn( ) = R(I)

and therefore we have established the formula (8.3).

Corollary 8.9 Suppose that p is a polynomial of degree at most # and let x, be any
point. Then the nth Taylor polynomial for p at x( is p itself.
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For a sequence of numbers {q,} that is indexed by the nonneoative integers, we define
S

n ~ R'\ Q°§>~—~ %f ﬂ \ {’;C’f
Sp = Z ay for ver y nonnegatlve 1ntege{/n \
A= 1 N0
Q‘ ™ g -— = o

«-O
and obtain a new sequence {s,}. The sequence { ,7} is called the sequence of partial sums

for the series Z;‘;O a, and ay 1s called the kth term of the series Z,f‘f__o a;. We write

o0 n

E a, = lim E ay
n—»00

k=0

k=0

if the sequence {s,} converges. If the sequence {s, } does not converge, then we say that
the series -, a; diverges.

(8.11)

This formula is called a Taylor series expansion of the function f:I — R about the
point x. By its very definition, (8.11) holds at x if and only if
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Lemma 8.13 For any number c,

Lb dJ C@Q‘-—’\ g?;. e X Q@‘ . "
Lfwe el Hm i = Ce L\

ey 2 A
Proof /‘7

Choose k to be a natural number such that k > 2|¢|. Thenif n > &,

But lim, . (1/2)" = 0, and so lim,,_, o, ¢"/n! = 0 also.

FoNod-& e ¢ a»g\«%?

Theorem 8.14 Let / be a neighborhood of the point x¢ and suppose that the function
f 1 — R has derivatives of all orders. Suppose also that there are positive num-
bers r and M such that the interval [xo — r, xo + 7] 1s contained in / and that for
every natural number » and every point x in [xo — 7, xo + 7],

If™(x)| < M". (8.13)
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Theorem 8.17 The Cauchy Integral Remainder Formula Let I be a neighborhood
of the point x; and » be a natural number. Suppose that the function f : I — R has
n + 1 derivatives and that f"*" : I — R is continuous. Then for each point x in 7,

(x — x0)* + ;}' / FoD @) (x — )" dt. (8.24)

Proof
By the First Fundamental Theorem (Integrating Derivatives),

f(x)=f(xo)+/ f'@d:r.

Integrating by parts, we see that
"X . X ) d
/ f@)dt = —/ f@)—x—1t)dt
Xp J Xp dt

=—-f'({t)(x—1) +/ '@ —1)de

t
I=xg

= f'(x0)(x — x0) + / ) (x —1)dt. (8.26)

From (8.25) and (8.26) we obtain (8.24) when n = 1. The general formula follows
by induction. The inductive step depends on observing thatif 1 <k <n — 1, then

(k
1
T k+ 1)

I " k42) ke
-+ (k-l-l)!lo f #)(x —0)"" dt.

LI ey kg, 1 /x kD Gk
k!lof O —t)dt = 1)!..x0f (t)dz[(x 1)+ ds

f(k+1) (XO)()C _ XQ)k+l
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If 1 is a neighborhood of the point x; and the function f: I — R is differentiable, then,
by the Mean Value Theorem, for each point x in 7, there is a point ¢ strictly between x
and x; such that

fx) = fxo) + f'(c)(x — xp). (8.22)

If we further assume that the derivative f':1 — R is continuous, then, by the First
Fundamental Theorem (Integrating Derivatives),

Pl i) s / £ dt. (8.23)

The proof of the Lagrange Remainder Theorem was rooted in the Mean Value Theorem
as expressed in (8.22). The proof of the following Cauchy Integral Remainder Theo-
rem will exploit the First Fundamental Theorem (Integrating Derivatives) as expressed
in (8.23).

e NG\ 5 W Coscs X@\v%ym\ Qes:\/\ ONANs_ £
ﬂ%;i@bm\epkﬁ “;zg\QP¢LfQQC*Q”Q\RNQ\

Theorem 8.8 The Lagrange Remainder Theorem Let I be a neighborhood of the
point x; and let n be a nonnegative integer. Suppose that the function f:7 — R
has n + 1 derivatives. Then for each point x # x; in I, there is a point ¢ strictly
between x and x; such that

(n+1)
f (C) (‘x == g )n.+1.
(n+1)!

(x — x0)* + (8.3)




Theorem 9.1 The Monotone Convergence Theorem A monotone sequence of num-
bers converges if and only if it is bounded.

The Cauchy Convergence Criterion for Sequences

Definition A sequence of numbers {a,} is said to be a Cauchy sequence provided that
for each positive number € there is an index N such that

la, —a,| < € ifn>Nandm > N.

Proposition 9.2 Every convergent sequence is Cauchy.

Lemma 9.3 Every Cauchy sequence is bounded.
SRV
Proof -
Suppose that {a, } is a Cauchy sequence. For € = 1, we can choose an index N such
that

la, —a,) <1 ifn>Nandm > N.
In particular, we have
a, —ay| <1 ifn>N.
But, setting
an = ay + (an — an),
by the Triangle Inequality,
lan| = lan + (a, — an)| < lan| + la, — anl.
Consequently, we see that
|a,| < lan| +1 ifn>N.
Define /\‘i:-: max {lay| + 1, Iw[}. Then

L__)C_O\‘“ > C’MQ
la.| < M for every index n.

foe \ ™
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Theorem 9.4 The Cauchy Convergence Criterion for Sequences A sequence of
numbers converges if and only if it is a Cauchy sequence.

Proof
According to Proposition 9.2, every convergent sequence is a Cauchy sequence.
The converse remains to be proven. Suppose that {a,} is a Cauchy sequence. The
preceding lemma asserts that {a, } is bounded. Thus, by the Sequential Compactness
Theorem, {a,} has a subsequence {a,, } that converges to a number «.

We claim that the whole sequence {«,} converges to «. Indeed, let ¢ > 0. We
need to find an index N such that

la, —a| < € ifn>N.

Since {«,} 1s a Cauchy sequence, we can choose an index N such that

€
la, — an| < 5 ifn>Nandm > N. 9.1

On the other hand, since the subsequence {a,, } converges to «, there is an index K
such that

Now choose any index k such that k > KX and n;, > N. Using the inequalities (9.1)
and (9.2) together with the Triangle Inequality, it follows that if n > N, then

lan — a| = |(a, — an;..) + (‘Ink —a)|
i’
= '(1,, - ankl + ,ank _— ll,
€\ /e |
i +C = €.

2/"12,
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Convergence Tests for Series

Recall that for a sequence of numbers {a;} that i1s indexed by the natural numbers, we
define

n
Sipl= E ay for every index n
k=1

and obtain a new sequence {s, }. The sequence {s,} is called the sequence of partial sums
for the series > - | ax, and ay is called the kth term of the series Zf‘;l ai. We write

o0 n
E ap = lim E Ay
k—] n—oo

k=1

if the sequence {s,} converges. If the sequence {s,} does not converge, we say that the
series D oo, ax diverges.'
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Proposition 9.5 Suppose that the series Y - | @, converges. Then

lim a, = 0.

n—>o

Theorem 9.7 Suppose that {a;} is a sequence of nonnegative numbers. Then the series
> re; ax converges if and only if the sequence of partial sums is bounded; that is,
there is a positive number M such that

a+---+a, <M for every index n.

# Qo o€ = o @e\\géy &QD\\\.\} s Qd'*~>v\&

Seors C’Q\.

EQO\ }\\"[6‘\0\0\\0‘&« : 15

(6.7 = lageanodnams s
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&) {QQ @\‘53 q’\



Corollary 9.11 The Integral Test Let {a;} be a sequence of nonnegative numbers
and suppose that the function f:[l,00) — R is continuous and monotonically
decreasing and has the property that

fk) = a for every index k.

Then the series > .7, a; is convergent if and only if the sequence of integrals
{[" f(x) dx} is bounded.

Corollary 9.13 The p-Test For a positive number p, the series

= 1
21
k=1

converges if and only if p > 1.
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Corollary 9.8 The Comparison Test Suppose that {a;} and {b;} are sequences of

numbers such that for index k.
0 <a <by.

i. The series ) ;- a; converges if the series _ - | by converges.
il. The series Y -, by diverges if the series >, , a; diverges.
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Theorem 9.15 The Alternating Series Test Suppose that {a} is a monotonically de-
creasing sequence of nonnegative numbers that converges to 0. Then the series

o0
Z(_l)k+1ak
k=1

converges.

Theorem 9.17 The Cauchy Convergence Criterion for Series The series >, a
converges if and only if for each positive number € there is an index N such that

|@psy + -+ anyi| < € for all indices » > N and all natural numbers k.

Proof
Apply the Cauchy Convergence Criterion for Sequences to the sequence of partial

Corollary 9.18 The Absolute Convergence Test An absolutely convergent series con-
verges; that is, the series > -, a; converges if the series Y - | |a;| converges.

Theorem 9.20 For the series }_.° | a;, suppose that there is a number » with0 < r < 1
and an index N such that

lape1| < rla,| for all indices n > N. (9.7)

Then the series Y -, a; is absolutely convergent.

Corollary 9.21 The Ratio Test for Series For the series ) ,_, @i, suppose that

a?‘l
lim |11 = 2.

n—>o0 |a,|

i. If ¢ < 1, the series Y-, a, converges absolutely.

il. If¢ > 1, the series Y | a, diverges.
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Chapter 3 was devoted to the study of sequences of numbers. In Section 9.1, we studied
sequences of numbers and then series of numbers. We now turn to the study of sequences

of functions. i,C\ \(‘; ‘_Q —_— £

Definition Given a function f: D — R and a sequence of functions {f,: D — R},
we say that the sequence {f, : D — R} converges pointwise to f : D — R, or that { f,,}
converges pointwise on D to f, provided that for each point x in D,

Jm fu(x) = f(x).

Example 9.26 For each natural number 7, define

n x]‘
fn(x) = P forO0 <x < 1.

k=0

According to the Taylor series expansion formula (8.16), the sequence of functions
{f.} converges pointwise on the interval [0, 1] to the function e*. In infinite series
notation, this is expressed as

for0 < x <1.
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Example 9.22 For each natural number 7, define
Sl %) = X" for0 < x < 1.
Since { f,,(1)} is a constant sequence whose constant value is 1.
lim £,(1) = 1.
On the other hand,

Im x" =0 i< x = 1.

n—0o0

FIGURE9.2 lim,,x"=0if0 <x < I;lim, 1" = 0.
Thus, the sequence of functions { f,,} converges pointwise on [0, 1] to the function f

deﬁnedby
X _ 1 ifx =1
F® =10 ifo<x<l.

Observe that this is an example of asequence of continuous functions that converges
pointwise to a discontinuous function. "

(VP ~ -2 Oc. N\e* oo™
de ($Ce crefe o5\,
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Example 9.23 For each natural number n, define

faCx)i=emn ¥ for all x.

FIGURE9.3 lim,.ce™ =0ifx # 0;limy_ e e = 1.

Thus, the sequence of functions { f,} converges pointwise on R to the function f

defined by
, 0 ifx #0
fox) = {] if x =0.

Observe that this is an example of a sequence of functions, each of which is differ-
entiable on R, that converges pointwise on R to a function that is not differentiable
at x = 0. -

Example 9.24 A number x of the form x = k/2", for an integer k and a natural number
n, is called a dyadic rational. For each natural number » and each number x in the

interval [0, 1], define
1 if x = k/2" for some natural number &
fo(x) = .
otherwise.

Thus, the sequence of functions { f,.} comergespomtwme on the interval
[O 1] to the function f defined by

. 1 if x 1s a dyadic rational
flx)=

0 otherwise.

This 1s an example of a sequence of integrable functions that converges pointwise
on a closed bounded interval to a function that is not integrable (Exercise 5). n
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Example 9.25 For a natural number »n, define f,: [0, 1] — R to be the function such
that f,(0) = f(2/n) = f,(1) =0, f,(1/n) = n, and f, is linear on the intervals
[0, 1/n], [1/n, 2/n], and [2/n, O].

2/n

FIGURE9.4  f,(x)=0if2/n<x <L [ fy=1,

Thus, the sequence of functions { f,,} converges pointwise on the interval [0, 1] to 0
(by this we mean to the function that is identically equal to 0 on [0, 1]). Observe
that fo] f =0, while for each index n, fol o =k n
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Uniformly Continuous

fix)=vXx on [0, =)
Same 6 works everywhere

25 3.0 35 4.0

Definition Given a function f: D — R and a sequence of functions {f,: D — R},
the sequence { f, : D — R} is said to converge uniformly to f : D — R, or {f,]} is said
to converge uniformly on D to f, provided that for each positive number € there is an

index N such that
| f(x) — fr(x)] < € for all indices n > N and all points x in D. 9.9

In terms of graphs, the sequence {f, : D — R} converges uniformly to f: D — R
if for each positive number e there is a natural number N such that if n» > N, the graph
of the function f, : D — R lies between the graphs of the functions f +¢: D — R and

f—¢€:D—> R,

FIGUREY.5 f(x)—€ < f,(x) < f(x)+e€ifa<x <bandn > N.
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For each natural number n and each number z in |0, 1], define

€T
nr+1
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Definition The sequence of functions { f, : D — R} is said to be uniformly Cauchy, or
{ f»} is said to be uniformly Cauchy on D, provided that for each positive number e there
is an index N such that

[frrk(X) = fu(X)| < € (9.11)

for every index n > N, every natural number &, and every point x in D.

Theorem 9.29 The Weierstrass Uniform Convergence Criterion The sequence of
functions { f, : D — R} converges uniformly to a function f: D — R if and only
if the sequence { f,: D — R} is uniformly Cauchy.

ANVIERCCA S Logh Qulies?
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Example 9.30 For each natural number # and each number x with [x| < 1, define

nok
fo(x) = —,
: ’ ¢ 1Dk
— k2
Observe, using the Triangle Inequality and the Geometric Sum Formula, that for
each pair of natural numbers » and k and each number x with |x| <1,

|x|n+1 l’rln +k

(n+ D2+t T (o k)2ntk

|fn+k (‘) - fn (X')I

n+1 I a3 2n+k

1
< 5 (9.14)
But lim,, «(1/2)" = 0, and this, together with the inequality (9.14), implies that
the sequence { f, : [—1, 1] — R} is uniformly Cauchy. According to the Weierstrass
Uniform Convergence Criterion, there is a function f :[—1, 1] — R to which the
sequence { f, : [—1, 1] — R} converges uniformly.

ot e \
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Theorem 9.31 Suppose that {f, : D — R} is a sequence of continuous functions that

converges uniformly to the function f : D — R. Then the limit function f : D — R
also is continuous.

Theorem 9.32 Suppose that {f, : [¢, b] — R} is a sequence of integrable functions
that converges uniformly to the function f :[a, b] — R. Then the limit function
f:la, b] > Ralsois m}ggrable Moreover,

[ 4] s

Theorem 9.33 Let / be an open interval. Suppose that { f, : / — R} is a sequence of
ontinuously differentiable functions that has the following two properties:

i. The sequence { f,,} converges pointwise on / to the function f, and
ii. The derived sequence { f,} converges uniformly on / to the function g.

Then the function f:7 — R is continuously differentiable, and
f(x) = g(x) forall x in /.
FSELTS N\s€LS
heorem 9°34 Let / be an open mterval Suppose that { £, : I — R} is a sequence of
continuously differentiable functions that has the following two properties:

i. The sequence { f,,} converges pointwise on / to the function f, and
ii. The derived sequence {f,} is uniformly Cauchy on /.

Then the function f: / — R is continuously differentiable, and for each x in /7,

lim f,(x) = f'(x).

n—> 00

W’-MQ o~ (v oF el (ak's orgestea
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1. For each natural number n and each number x in (=1, 1), define

/ 1
f;z(x)z' X2+—
n

and define f(x) = |x|. Prove that the sequence { f,} converges uniformly on the
open interval (—1, 1) to the function f. Check that each function f, is continuously
differentiable, whereas the limit function f is not differentiable at x = 0. Does this
contradict Theorem 9.33?

For each natural number n and each number x in [0, 1], define

2
nx

fa(x) = nxe”

Prove that the sequence { f, } converges pointwise on the interval [0, 1] to the constant
function O, but that the sequence of integrals { f()] f»} does not converge to 0. Does
this contradict Theorem 9.32?

. Prove that if {f,: R — R} is a sequence of continuously differentiable functions
such that the sequence of derivatives { f/ : R — R} is uniformly convergent and the
sequence { f,(0)} is also convergent, then {f, : R — R} is pointwise convergent. Is
the assumption that the sequence { f, (0)} converges necessary?
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Definition Given a sequence of real numbers {c,} indexed by the nonnegative integers,
we define the domain of convergence of the series Y - , cxx* to be the set of all numbers
x such that the series ;- cxx* converges. Denote the domain of convergence by D.
We then define a function f: D — R by Pt e N omees oS

k=0

We refer to (9.28) as a power series expansion and call the set D the domain of conver-
gence of the expansion.

Proposition 9.40 Suppose that the nonzero number x; is in the domain of convergence
of the power series Y -, ckx*. Let r be any positive number less than |xo|. Then
the interval [—r, r] is in the domain of convergence of the power series }:,fio cpx*
and also in the domain of convergence of the derived power series > .-, kcpx* .
Moreover, each of the power series

E crx” and

o o]
k=

0

converges uniformly on the interval [—r, r].
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The infinite series z = (72w: converges uniformiy on the interval [0, co).
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If lim [@n+1 — an] = 0, then lim a, exists.
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Example 3.18 Define f(x) = x* forall x. We claim that the function f:R — R
satisfies the €-§ criterion at the point xo = 2. Let € > 0. We must find a§ > 0 such
that

x> -8l <e  if|x —=2| <. (3.14)

But observe that the difference of cubes formula and the Triangle Inequality imply
that for all x,

1x° = 8] = |(x* + 2x + 4)(x — 2)| < [|x]|* + 2|x| +4]|x —2I.

CONTINUOUS FUNCTIONS 71
However,

x> +2|x|+4 <19 ifl < x =8

|x3 — 8] < 19|x — 2| if1l <x <3.

§ = min {1, e/19} . (3.16)

If | x —2| <é,then]l < x <3 and 19]x — 2| < €, so from (3.15) it follows that
|x3 — 8| < €. Therefore, for € > 0, if we define § > 0 by (3.16), then condition
(3.14) holds. n

Example 3.21 Define f(x) = x3 for x in [0, 20]. Then the function f: [0, 20] — R is
uniformly continuous. To see this, observe that for all # and v in [0, 20],

| f(u) — F)| = |[u? + uv + v¥]ju — v| < 1200(u — v|.

Hence, for € > 0, if we define § = €/1200, then (3.21) holds.
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Proposition 2.6 The sequence {1/n} convérges to O; that is,

lim 1/n = 0.

n—oQ

Proof
Let € > 0. We need to find an index N such that

1
——0| <€ for all indicesn > N; (2.2)

n

thatis, 1/n < € if n > N. But by the Archimedean Property of R, we can select an
index N suchthat 1/N < €, and hence

1

N <€ for all indicesn > N.

1
. A
—

Thus, the required inequality (2.2) holds for this choice of N.
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57) a) Let z € [0,1]. If z = 0 then f,(0) = 0, for all n € N. For z € (0,1], we

x
have fa(x) = nr+1 n—l—%
we know that the sequence whose terms are all 0 and the sequence {1} both
converge to 0. So the sequence of functions f,(x) converges pointwise to
f(z) =0 for all z on [0, 1].

Proof: To prove uniform convergence, note that if n € N and z € [0, 1], then

< —. But from previous work in the semester,
n

T

(o) = f@)l = |2 )

-
Cnz+1
But using our work above and the Archimedean Property, we can choose

N € N such that 1/N < €. In turn, if n > N, then |f.(z) — f(z)| <€, in all
cases of z € [0, 1]. Thus {f,} converges to f uniformly on [0, 1].

Example 9.22 For each natural number n, define
fu(x) =x" forO0 < x < 1.
Since { f,(1)} is a constant sequence whose constant value is 1.

lim f,(1) = 1.

n=o0

On the other hand,

lim x"=0 if0<x<l.
n—oo

(0, 0)
FIGURE9.2 lim,_.ox"=0if0<x < I;lim,» 1" = 0.
Thus, the sequence of functions { f, } converges pointwise on [0, 1] to the function f

defined by
(x) = 1 ifx=1
FM =10 ifo<x<l.

Observe that this is an example of a sequence of continuous functions that converges
pointwise to a discontinuous function. .
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2 :
53) Proof: Let ¢ > 0 be given, choose N > = by the AP property. Then, for all
€

m,n > N, we have:

1 1 1 1 1 1
|(Z,, - am' = +4) - +4 = - < 4
n m n o m n m

Thus, the sequence is Cauchy by definition.

Example 9.30 For each natural number 7 and each number x with [x| < 1, define

n k

k=1
Observe, using the Triangle Inequality and the Geometric Sum Formula, that for
each pair of natural numbers » and k and each number x with |x| <1,

|x‘n+l lX|n+k

| fark(x) = fu(x)] < m Rl (n + k)2n+k

=

5 o, 9.14)

But lim, .+ (1/2)" = 0, and this, together with the inequality (9.14), implies that
the sequence {f, : [—1, 1] — R} is uniformly Cauchy. According to the Weierstrass
Uniform Convergence Criterion, there is a function f :[—1, 1] — R to which the
sequence { f, : [—1, 1] — R} converges uniformly. @
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We have proven that the sequence {1/n} converges to 0 and that it does not converge to
any other number. Use this to prove that none of the following assertions is equivalent to
the definition of convergence of a sequence {a,} to the number a.

S e T
1) For some € > 0 there is an index N such that SeeN\ SeeeS T
) R A £

la, —a| < € for all indices n > N. e
(Speote Sorels €70 Qo =TS pr_\\ ;S;\\:(:';w S
2 QOSSN RN &

e LSRN |
CM\YH’B‘QH © o5 BTRE E/%vc%.

- s\,s.n.,N‘\
N S ¢+ & %( xx&@\g\feg
X Ny ¢ O VIR
w&awk\w 0 ks, G NS O

2) For each € > 0 and each index N, %< \-'é_ NovSe ¢ o NN

la, —a| < € for all indices n > N.

cos o x
P e
et 2D
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3) There is an index N such that for every number € > 0,

la, —a| < e for all indices n > N.

SeNee @ N e BN e o

LeesSmy, Se025 &
Prs cams Aaladdn o comrsg=nt,

DY > Sos
Mi\ WQ“M\EN goqx\i\qé-}/ -Q"a‘(c‘;\
3 AN (o\w\v‘i”?\s”cﬂ\ NG > -

=N

oS .
O\OS-CM - &
P?V\'W( @T’S“‘X\\Q N

o
\Lég@? o o— L\ 'ﬁ"&\&

B . Q_v(o\\\ .

%%\&_&QE'CFQ Qwo’g"’%
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For this Discussion WS, you’ll be exploring a few approaches to proving past homework
problems that, while at first seem promising, don’t quite get us to the result we want to
prove.

1) Recall homework problem #20: Suppose that the function g : R — R is continuous
and that g(z) = 0 if  is rational. Prove that g(z) = 0 for all z in R.

Proposed setup: Note that Q° (i.e., the irrationals) are dense in R. Thus, every number
is x is the limit of a sequence in Q. In turn, there exists some sequence a,, € Q¢ that
converges to xg € Q.

Explain why this setup, while true, doesn’t help us show g(x) = 0 even for = values
that are irrational.

Page 1 of 2
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2) When working out the scratch work for a proof involving continuity, we often use the
strategy of working backwards from where we want to end up. When we use this strat-
egy, it is important that the algebraic steps we take are reversible to use in the actual
proof. With this in mind, consider the scratch work below for the following question
found in your homework:

Define f(z) = y/z for all & > 0. Verify the e — § criterion for continuity at = = 4.

Scratch Work:

VT —2] <e
—e+2<rxr<e+2
—e—2<\r<e+2

Vx| <e+2

~see note' below—
\/m<6+2
|z| < (e 4 2)?
—(e+2)2 <z < (e+2)?
—(e+2)?2—4d4<x—4<(e+2)?—4
—(e+2)2—d4<z—4<(c+2)?2+4
lz— 4| < (e+2)2+4

The above scratch work leads us to think we should let § < (e +2)? +4 to bring about
|v/x — 2| < €, which is what we need to show f(z) = \/z is continuous at = 4. Show
that the scratch work cannot be easily undone to reach the conclusion we want in our
proof.

!Note that it can be shown that |/z| = \/|z| using the definition of |x| and the fact that the domain of

Ve is [0, 00)

Page 2 of 2
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Read the following text! for a brief history on the development of the definition of “conti-
nuity.”

1) What was something that surprised you about the developments described in the text?
Two to three sentences suffices.

Thttps:/ /my.linkpod.site/ContinuityHistory

Page 1 of 2
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2) Answer the following (from Exercise 6.1.10):
Let

D(x) = {x, if x is rational,

0, if z is irrational.

a) Use the € — ¢ definition of continuity to prove D(z) is continuous at 0.

b) Suppose a # 0. Use the ¢ — § definition of continuity to prove D(zx) is not
continuous at a.

Page 2 of 2
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1) Consider the following function:

( Oh(*\"
x, if the point x in |0, 1] is rational
fla) = { |

0, if the point z in [0, 1] is irrational

a) Prove that [’ f =0.

b
Ja

b) Prove that f; f>

1
5 -

Page 1 of 2
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2) Believe it or not, quite a bit of drama has occurred throughout the development of
different ideas in mathematics - let’s face it... we all have an ego!

With this in mind, watch the following! video on a historic rivalry of sorts between Sir
Isaac Newton and Gottfried Wilhelm Leibniz during the development of calculus.

What was something that surprised you about the developments described in the video?
Two to three sentences suffices.

Thttps://www.youtube.com/watch?v=LN-erHStqA

Page 2 of 2
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By now, you are probably starting to realize how difficult it is to not only come up with the
ideas of a proof, but formally write them down, which often can take just as long, * if not
longer! We borrow the words of Dr. Thomas C. Hales ? to define what we mean by a “formal
proof”:

A formal proof is a proof in which every logical inference has been checked all
the way back to the fundamental axioms of mathematics. All the intermediate
logical steps are supplied, without exception. No appeal is made to intuition,
even if the translation from intuition to logic is routine. Thus, a formal proof is
less intuitive, and yet less susceptible to logical errors.

Still, many believe that for mathematicians, everything related to math not only comes
easily, but quickly. With this in mind, watch this ? video of an interview with Dr. Terence
Tao, considered by many to be one of the greatest mathematicians alive.

1) What stood out to you most from Dr. Tao’s comments on regarding the idea of
struggling with mathematics?

2) What stood out to you most from Dr. Tao’s comments regarding proof formalization.

LCheck out this conference paper if you don’t believe me: https://my.linkpod.site/ProofPrograms
Zhttps://www.ams.org/notices/200811/200811Fulllssue. pdf#page=12.00
3https://youtu.be/4bWLBJtrX1I?si=ReRKEiQE_RCvt2Up
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Now watch this  shortened (to spare you from too much of the monotone audio lol)
video Dr. G recorded of himself working through a proof assigned to you for homework.
It is important to note a few things as you watch the video: Dr. G overlooked the
assumption that x > 0 and made a sign error early on in the problem, both of which
partially contributed to a lot of overthinking. As a result, after carefully reviewing the
theorems, writing out scrap work, engaging in circular thinking, checking logic, writing
the formal proof, and reflecting on what was learned from the problem, an hour and a
half had passed! Still, the things he overlooked and ideas he played around with led to
a deep review of the theorems and logic involved - that is, the time dedicated to this
problem was not a waste!

3) In the video, he verbally expresses his ideas, frustrations, and “aha!” moments. What
strategies (mathematical or emotional) can you take away from Dr. G’s thought
process?

4) Some may have looked at this problem and seen the solution in a matter of minutes.
Similarly, Dr. Tao shared the following: “Me and my colleagues, we spend a lot of time
doing very routine computations, or doing other things that other mathematicians
would instantly know how to do, and we don’t know how to do them.” What can
you take away from this observation as you move forward in learning about the art of
writing proofs, and more generally, mathematics?

5) Note that there is still a very small adjustment Dr. G should make in his final proof
to be more technically accurate. Can you spot it?

HINT: It has to do with variable notation in his implementation of the Lagrange
Remainder Theorem.

‘https://my.linkpod.site/WrestlingThroughAProof
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Instructions

The problems indicated in green are to be turned in via Gradescope and are graded for
accuracy. All other problems are suggested. It is recommended to complete all problems
as this document is where Quiz questions will be pulled from. For instance, if you are asked to
complete problem 4c of Section 1.2, you should complete all the problems (unless otherwise
indicated) of Section 1.2 to be prepared for the Quiz!
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Intro And Preliminaries

1) This question is a warm-up from Math310. It is not covered on the quiz or exam in
this course but it is to be handed in for homework: Assume that the product of two
integers x and y is even. Show that at least one of the numbers is even.
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Solutions

1) Proof: We use a proof by contrapositive. The contrapositive states: If both z
and y are odd, then their product xy is odd. If x and y are odd, we can write
x=2a+1 and y = 2b+ 1, where a, b are integers. Then:

zy=(2a+1)(2b+1) =4ab+2a+2b+1=2(2ab+a+b)+ 1

Since 2ab + a + b is an integer, xy is odd. By the contrapositive, if xy is even,
then at least one of x or y must be even. O]
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The Completeness Axiom (1.1)

2) Use induction to prove for any natural number n and any number r # 1,

1 — n+1
Ltr4r’ g = —
1—7r

3) For each of the following sets, list three upper bounds and three lower bounds for the
set and its supremum /infimum, when such exists:

) {Lnen)

b) {1- 3 |neN)

¢) {cos (%) | n € N} change to {25 : n € N}
You do not have to prove the supremum /infimum.

4) Suppose that S is a nonempty set of real numbers that is bounded and that inf S =
sup S. Prove that the set S consists of exactly one number.
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Solutions/Hints

2) Proof: We prove by induction that for any natural number n and any r # 1,
1— Tn+l
L4r+r4 " =——
11—

Base Case (n = 1): The formula holds since both sides equal 1 + 7.
Inductive Step: Assume it holds for n = k,

1 — phktl
l+r+r+ o trf=——
1—r
For n = k + 1, adding r**! to both sides gives
1—7“k+1
1+T+T2+---+Tk+rk+1:ﬁ+rk+1

1— Tk—i—l Tk’-i—l(]_ o 7,,)

_|_
1—7r 1—7r

1—r
1— T’k+2
T T
which is the desired formula for n = k + 1. By induction, the result holds for all
n. O
1
3) a) S=4q—|ne€ N}: lower bounds 0, —1, —2; upper bounds 1,2, 3; sup S = 1;
n
inf S = 0.
1 1
b) S = {1 o |n € N}: lower bounds —1, 0, 5; upper bounds 1,2, 3;sup S =
2
1;inf S = —.
; in 3

c) S = {cos (%) |ne N}: lower bounds —1, —2,—3; upper bounds 1,2, 3;
supS = 1;inf § = —1.

4) Proof: (By contradiction) Assume that S is a nonempty set of real numbers that
is bounded and that inf .S = sup S := ¢ and assume that there are two distinct
numbers a and b in the set S where a # b.

Without loss of generality, let a < b. Since a and b are in S, and a < supS = ¢
and b < supS =canda > infS=cand b > infS =c. So,a > cand b < c.
However, this leads to a contradiction since if a # b, then either a or b is greater
than ¢ or less than ¢ which contradicts the fact that ¢ is both the infimum and
supremum of S. O]
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The Distribution Of The Integers And Rational Numbers (1.2)

5) Using only the Archimedean Property of R, give a direct ¢ — N proof of the following

limit: lim — =0

1
N—00 \/ﬁ

6) Using only the Archimedean Property of R, give a direct ¢ — N proof of the following

limit: Lim =0

7) Using only the Archimedean Property of R, give a direct e — N proof of the convergence

n?
f
© { n2 +n }
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Solutions

1
5) Proof: Let € > 0 be given. Choose an N € N such that N > — using the
€

1 1
Archimedean Property. Then, for all n € N if n > N, then — < N < €, 80
n

<€,

as desired. O
1

6) Proof: Let ¢ > 0 be given. Choose an N € N such that N > — using the
€

1 1
Archimedean Property. Then, for all n € N if n > N, then — < N < €, 80

n
L O‘ < 1 l < l <e€
n+5 “Inl n- N 7
as desired. O
7) Proof: The limit of the sequence {” n,j ”} is 1. Let € > 0 be given. Choose an

1
N € N such that N > — using the Archimedean Property. Then, for all n € N if
F
- 1 1
n > N, then — < — <€, so
n — N
n?—n?—n
n?+n

n 1 - 1 -
ST oS3 <6
n? n N

—-n
n2+n

n
nZ-+n

n2+n

n ’

as desired. ]
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Inequalities And Identities (1.3)

8) Prove that |a + b+ ¢| < |a| + [b] + |¢| for all a,b,c € R. Hint: do not look at eight
cases, but rather apply the triangle inequality twice.
Then use induction to prove |a; + - - + a,| < |ag|+---+]a,| for all n € N and a; € R.
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Solutions

8) Proof: Let a,b,c € R. Then

la+b+c|=|(a+b)+ by associative property of R
<la+0b|+|c|] by the triangle inequality for two elements of R

<'la| + |b] + |¢| by the triangle inequality for two elements of R
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The Convergence Of Sequences (2.1)

9) Consider three sequences {a,},{b,}, and {s,} such that a, < s, < b, for all n and
lim a, = lim b, = s. Prove that lim s, = s.
n—oo n—oo n—oo
10) Prove that the sequence {c,} converges to c¢ if and only if the sequence {¢, — ¢} con-
verges to 0.

11) Let {a,} be a sequence of real numbers. Suppose that for each M > 0 there is
an index N such that a, > M for all indices n > N. When this is so, the se-
quence {a,} is said to diverge to infinity, and we write lim a,, = co. Prove that

- n—o0
lim [nd —dn? — 10071} — 0.
n—oo

1
12) For a sequence {a, } of positive numbers show lim a, = oo if and only if lim [—} = 0.
n— oo n—oo | Ay,
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Solutions/Hints

9) Proof: Let a, < s, <b, and a,, — s and b, — s. By the definition of conver-
gence, there is a Ny € N such that for all n > Ny, |a, — s| < e. Or equivalently,

s—e<a,<s+e

n > Nj. Similarly, there is Ny € N such that for all n > Ny, |b, — s| < e. Or
equivalently,
s—e<b,<s+e

n > Ny. Take N = max{Nj, N2} and then for all n > N, combining the assump-
tion that a, < s, < b, for all n with the two above yields
s—e<a,<s,<b,<s+e
for all n > N, and thus s — € < s,, < s + ¢, or that
|sp, — s| <€
for all n > N, as needed for convergence.
O
10) This follows directly from the fact that |c, — ¢| = |(¢, — ¢) — 0|

11) First note that the polynomial sequence can be rewritten so that n® — 4n? —
100n = n(n — (2 + 2v/26)(n — (2 — 2v/26). Let’s develop some scrap work to
show that this polynomial diverges to infinity, that is, grows without bound. By
the Archimedian Property, assume n — (2 + 2v/26) > 1 (note that choosing 1 is
arbitrary). Performing some algebraic steps to solve for n, we find that this means
n > 13, and n — (2 — 2v/26) > 21. Thus, we have the following:

(13)(1)(21) < [(n)(n — (24 2Vv26)(n — (2 — 2V/26)|
However, this only will help us show that the polynomial is unbounded “up to”
M < (13)(1)(21) = 273. That is, we can find values of n the make the polynomial
as big as we want, all the way up 273. To cover when M > 273, let’s still assume
n > 13 (from above), but also that n > M, giving us the following inequality:

(M)(1)(21) < |(n)(n — (2 + 2v/26)(n — (2 — 2v/26)|

In turn, we have the following:

M < (M)(1)(21) < |(n)(n — (2 + 2V26)(n — (2 — 2v/26)|

To ensure we cover both when M < 273 and when M > 273, we’ll assume
n > max(13, M), satisfying both conditions used above. In turn, we arrive at
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the fact that for each M > 0 (we covered all choices of M), there is an index
N (namely N > maz(13, M))!, such that a,, > M for all indices n > N. Now
write the proof using this scrap work!

!Note we did not write N = max(13, M) as M may not be an integer.
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12) For a sequence {a,} of positive numbers show that lim a, = co if and only if

n—oo
1
lim {—} =0
n—oo | Qy,

Proof: First, assume that lim a,, = co. By definition, this means for all M > 0,
n—oo
1

1
there is an N € N such that for all n > N, we have a,, > M, or that — < U
Qp,

1

Let € > 0 be given and we can define M := —. Thus, from the N found from {a,}
€

diverging to oo, there is an N € N such that for all n > N then

1

1
——0=—<=x<
‘ a, M ¢

1
as needed. Thus, lim {—} =0.

n—00 | Qy,

For the other direction, the proof is similar except with € := e O]
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Sequences And Sets (2.2)/The Monotone Convergence Theorem (2.3)

13) For each of the following statements, determine whether it is true or false and justify
your answer.

a) Every bounded sequence converges.
b

)

) A convergent sequence of positive numbers has a positive limit.
c¢) The sequence {n* + 1} converges.
)
)

d

e) The limit of a convergent sequence in the interval (a, b) also belongs to (a, b).

A convergent sequence of rational numbers has a rational limit.

14) Suppose that the sequence {a,} is monotone. Prove that {a,} converges if and only
if {a} converges. Show that this result does not hold without the monotonicity as-
sumption.

15) Let {b,} be a bounded sequence of nonnegative numbers and r be any number such
that 0 < r < 1. Define
Sp = b1 + bor® + -+ b,r™  for every index n
Use the Monotone Convergence Theorem to prove that the series {s,} converges.
16) Submit an outline of all the main steps within the proof and main properties used:

Let ¢ be a number such that |¢| < 1. Then

lim " =0
n—oo

Proof: The case ¢ = 0 is clear since we are then considering the constant sequence
all of whose terms are 0 . Moreover, since |¢"| = |(—c)"|, the case ¢ < 0 follows from
the case ¢ > 0. So assume ¢ > 0. Since 0 < ¢ < 1,{c"} is a monotonically decreasing
sequence bounded below by 0 . According to the Monotone Convergence Theorem, the
sequence {c¢"} converges to a number ¢ where

¢ =inf{c" | n in N}

We must have ¢ = 0, since otherwise, because ¢ > 0, we have

cn-i—l g

for every index n

so that ¢/c is a lower bound for the sequence. Thus, ¢/c is a lower bound for the
sequence, and it is larger than ¢ since 0 < ¢ < 1. Hence ¢ is not the greatest lower
bound for the sequence. This contradiction shows that ¢ = 0. O
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Solutions/Hints

13)
14)
15)
16) N/A

All statements are false. Find counterexamples!
What does convergence also imply about a sequence?

Consider using the Triangle Inequality!
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The Sequential Compactness Theorem (2.4)

17) Prove that a sequence {a,} does not converge to the number a if and only if there is
some € > 0 and a subsequence {a,, } such that

\an, —al > € for every index k.

18) For each of the following statements, determine whether it is true or false and justify
your answer.

a) A subsequence of a bounded sequence is bounded.

A subsequence of a convergent sequence is convergent.

)
b) A subsequence of a monotone sequence is monotone.
c)

)

d

A sequence converges if it has a convergent subsequence.
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Solutions/Hints

17) Define a specific subsequence where this is true! To prove the converse direction,
consider writing a proof by contradiction.

18) Only one of these statements is false.
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Continuity (3.1)

19) Define

f(m):{n fo<z<l

T ifl<ax<2.

At what points is the function f : [0,2] — R continuous? Justify your answer with a
proof.

20) Suppose that the function g : R — R is continuous and that g(z) = 0 if z is rational.
Prove that g(x) =0 for all x in R
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Solutions/Hints

19) You may rely on the fact that all polynomials are continuous.

20) Recall that for every type of number z, there exists a sequence of rational numbers
that converge to x.
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The Extreme Value Theorem (3.2)

21) Is it true that if f : [a,b] — R has a maximum and minimum value, then f must be
continuous? Justify your answer.
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Solutions/Hints

21) False. Find a counterexample!



Table of Contents
Math410: Homework

Name: UID: Section #:

The Intermediate Value Theorem (3.3)

22) For a function f: D — R, a solution of the equation

f(x)=2, xin D

is called a fixed point of f. A fixed point corresponds to a point at which the graph of
the function f intersects the line y = z. If f : [—1,1] — R is continuous, f(—1) > —1,
and f(1) < 1, prove that f:[—1,1] — R has a fixed point.
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Solutions/Hints

22) f(=1)+1>0and f(1)—1<0.
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Uniform Continuity (3.4), The ¢ — ¢ Criterion For Continuity (3.5)

Note: Unless otherwise indicated, you may use the sequences or the € — ¢ definitions
of continuity and uniform continuity in the following problems.

23) Prove thatif f : D — R and g : D — R are uniformly continuous and « is any number,
then the sum af + ¢ : D — R is also uniformly continuous (using the sequences
definition).

24) Define f : R — R as f(z) = 2? for all .
a) Prove that the function f : R — R is not uniformly continuous (using the se-
quences definition).
b) Verify the ¢ — § criterion for continuity at each point zg.

25) A function f : D — R is called a Lipschitz function if there is some nonnegative
number C' such that

|f(u) — f(v)] £ Clu—wv| for all points u and v in D.
a) Prove that if f: D — R is a Lipschitz function, then it is uniformly continuous
(using the sequences definition).
b) Prove that a Lipschitz function satisfies the € — § criterion on D (using the € —§
definition).
26) a) Provide an example illustrating that it is not necessarily the case that if f : D — R
and g : D — R are each uniformly continuous, then so is the product fg: D — R.
b) Suppose that the functions f: D — R and g : D — R are uniformly continuous
and bounded. Prove that the product fg: D — R also is uniformly continuous. <{r§< o

27) Define f(x) = / for all # > 0. Verify the e — § criterion for continuity at 2 = 4. = €

\\U >
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23) First write out ezactly what it is you want to show.

24) a) Experiment with pairs of sequences!
b) Make an assumption about § along the way, and use the 6 = min(?,?) strat-
egy.
25) a) Think about using the Comparison Lemma.
b

)

) What does it mean for lim,, . [u, — v,] = 0 in terms of the ¢ and N?
26) a) Again, experiment with pairs of sequences!

)

b) Proof: Assume that f and g are uniformly continuous. Let {u,} and {v,}

be sequences in D with lim [u, —v,] = 0. Since f and g are bounded we
n—oo

have that there exist numbers M; and M, with |f(z)| < M; and |g(x)| < Ms
for all x € D. Define M = max {M;, Ms} (note that you can complete this
proof without defining a common max). Then for each index n,

| f(un)g(un) — f(on)g(vn)| = [f(un)g(un) — f(un)g(vn) + f(un)g(vn) — f(vn)g(vn)]
= |f(un) (g(un) = g(vn)) + g(vn) (f (un) = f(vn))]

< S (un) [g(un) = g(un)] + lg(vn) [f (un) = f(vn)]]

< M1 |9(un) — g(vn)| + Mz | f () — f(vn)]

M ([g(un) = g(vn)| 4 [ (un) = f(wa)]) ,

Since f and g are uniformly continuous we have

lim [g(un) = g(va)] = lim [f(un) = f(va)] =0

n—oo n—o0

so that by the Comparison Lemma, lm [f(u,)g(u,) — f(vn)g(vn)] = 0 as

n—oo
well. Thus fg is uniformly continuous. O]

27) Note that ]1 —

QH\erQ\ < 0. Now, ﬁnd some explesswn that
\\f 2|
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Images Of Inverses And Monotone Functions (3.6)

28) A function f : R — R is said to be odd provided that f(—z) = —f(z) for all x.
Prove that if f : R — R is odd, and the restriction of this function to the interval
[0, 00) is strictly increasing, then f: R — R itself is strictly increasing.

29) A good study habit for understanding and writing proofs is to create an outline of
the main steps and properties used in a proof presented in the textbook. Here is an
example of a proof outline for the Sum Property for sequences:

e Sequences {a,} and {b,} converge — use the definition to control the difference
|a, — a| and |b, — b| each by €/2.
e Choose N that is bigger than the 2 N’s from a,, and b,

e Set up main difference |a, + b, — (a + b)| and use triangle inequality

Read the following proposition and its associated proof, which was used in chapter 3.6.
Then create an outline of all the main steps within the proof and main properties used.

Note: The following proof is meant to be in section 3.6 to help build the following
theorem: Let I be an interval and suppose that the function f : I — R is strictly
monotone. Then the inverse function f~!: f(I) — R is continuous. That is, we can-
not just assume continuity of f(z) = x/? just yet!

3

Proposition: The inverse of f(z) = z° is continuous.

Proof. Note f is a polynomial and thus continuous. And note that f is strictly increas-
ing by properties of inequalities, for u < v then u® < v®. So we can use the theorem
that any strictly monotone f : D — R is one-to-one and thus has an inverse. Fix
1o € R. Let {z,} € R with z,, — zo. Let y, = f~! (z,,) and yo = f~* (z0). So,
T = f (yn) =y, and zo = f (0) = Yo
Additionally, since z,, — zg, then y3 — y3. Let ¢ > 0 be given. Choose § =
min ((yo + €)* — 93,y — (yo — €)*). Note § > 0 since € > 0 yielding (yo +¢)> — 33 > 0
and 43 — (yo — €)® > 0. Furthermore, since y> — 3, there exists N such that for all
n > N, |y2 — y3| < §. Rewriting this inequality,
Yo — 0 <yn <6+

(Yo — 6)3 <ys < (yo + 6)3
y0_6<yn<y0+€

So, f~!(x) is continuous.
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28) Observe that —f(a) < —f(b). Now, how can you rewrite this inequality knowing
fis odd?

29) T'll leave this to you!
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The Algebra Of Derivatives (4.1), Differentiating Inverses And
Compositions (4.2), And The Mean Value Theorem (4.3)

30) Use the definition of derivative to compute the derivative of the following functions at
r =1

a) f(z)=+z+1forall z > 0.
b) f(z)=1/(1+ 2?) for all z.
31) Let I and J be open intervals, and the functions f : I — R and h : J — R have the
property that h(J) C I, so the composition foh:J — R is defined. Prove that if zg
isin J, and h : J — R is continuous at x¢ with h(z) # h(xg) if x # zg, and f: [ - R
is differentiable at h (xg), then S
~—a Tt ~

32) Suppose that the function f : (0,00) — R is differentiable and let ¢ > 0. Now define
g : (0,00) = R by g(x) = f(cx) for x > 0. Just using the definition of derivative,
prove that ¢'(z) = cf’(cx) for x > 0.

33) Prove that the following equation has exactly one solution:

P+5r+1=0, —-1<z<0

34) Let g : R — R and f: R — R be differentiable functions and suppose that
g(x)f'(x) = f(x)g' (x) for all z.

If g(z) # 0 for all  in R, show that there is some ¢ in R such that f(z) = cg(z) for
all  in R.

35) Suppose that f: R — R and g : R — R are each differentiable and that

f'(z)=g(x) and ¢ (z)=—f(x) foralzx
f(0)=0 and g(0) = 1.

Prove that
[f(@))?+[g@)]*=1 forall .
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36) Let D be the set of nonzero real numbers. Suppose that the functions g : D — R and
h: D — R are differentiable and that

g (z)=h'(z) forall xzin D.

Do the functions ¢ : D — R and h : D — R differ by a constant? Explain your
reasoning with a proof or justification for a counterexample. Hint: Is D an interval?
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Solutions/Hints

30) a) Consider using the conjugate.
b) Carefully work through the algebra.

31) We can say that as * — w9, h(z) — h(xg). Why? In turn, we can make a
substitution.

32) Use the composition property of limits (see Theorem 3.37 in Section 3.6, and
example 3.38).

33) Use the Intermediate Value Theorem, followed by Rolle’s Theorem.

)

4) What does the expression g(x)f'(x) — f(z)g¢'(x) remind you of?
)
)

w

35
36

Consider using the Chain Rule.

No. Find an counterexample!


https://www.mathsisfun.com/algebra/conjugate.html
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The Cauchy Mean Value Theorem (4.4), Darboux Sums: Upper And Lower
Integrals (6.1)

37) Suppose a < b are positive real numbers and f : [a,b] — R is continuous and its
restriction to (a,b) is differentiable. Use the Cauchy Mean Value Theorem to prove
that there is a real number ¢ € (a,b) for which

af(b) — bf(a)

=2 o) = e 0).

38) Consider the partition P = {0, 1

39) Suppose that the two bounded functions f : [a,b] — R and ¢ : [a,b] — R have the
property that
g(x) < f(z) for all z in [a,b].

a) For P a partition of [a, b], show that L(g, P) < L(f, P).

b b
b) Use part (a) to show that / g < / f.
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37) This one is quite challenging! Try to come up with two functions g and h such
that g(a) = bf(x), g(b) = af(x), h(a) = b, and h(b) = a (note that h is not be in
terms of f). Then use the Cauchy Mean Value Theorem.

38) Carefully apply the definitions of L(f, P) and U(f, P), while also using what you
know about f(x) = x.

39) a) Proof: Recall that the lower sum L(f, P) is given by:
L(f,P) = ZMi(ﬂP) (zi — 1)
i=1

Now, since g(z) < f(z) for all x in [a, b], it follows that M;(g, P) < M;(f, P)
for each subinterval [z;_1, x;] by the definition of infimum. Therefore, we can
write:

L(g, P) = ZMi(Q,P) (zi —xi1) < ZMi(f;P) (zi —xio1) = L(f, P)

This shows that L(g, P) < L(f, P) for any partition P of the interval [a, b].
[

b) Proof: By definition of a lower integral,
b
/ f =sup{L(f, P) | P a partition of the interval [a, b]}

and ,
/ g = sup{L(g, P) | P a partition of the interval [a, b]}

Since from part a we have L(g, P) < L(f, P), it follows directly from definition

that
b b
/gﬁ/f-
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The Archimedes-Riemann Theorem (6.2), Additivity, Monotonicity, And
Linearity (6.3), Continuity And Integrability (6.4)

40) For each of the following statements, determine whether it is true or false and justify
your answer.

b
a) If f:[a,b] — R is integrable and / f =0, then f(z) =0 for all z in [a, b].
b) If f: [a,b] — R is integrable, then f : [a,b] — R is continuous.
b
c) If f:[a,b] — R is integrable and f(x) > 0 for all = in [a, b], then / f>0.

d) A continuous function f : (a,b) — R defined on an open interval (a, b) is bounded.

e) A continuous function f : [a,b] — R defined on a closed interval [a, b] is bounded.

1)(2 1
n(n+1)@n+1) . Use the Archimedes-Riemann Theorem to show

41) Recall that Z it =
i=1

b — a?

b
f(x) = z? is integrable on [a, ] for a,b > 0 and that / ridr = 3

42) Suppose that the functions f : [a,b] — R and ¢ : [a,b] — R are integrable. Show
that there is a sequence {P,} of partitions of [a, b] that is an Archimedean sequence of
partitions for f on [a, b] and also an Archimedean sequence of partitions for g on [a, b].

43) Definition: For a partition P = {zy,...,x,} on [a,b], we define the gap of P to be
the length of the largest partition interval of P; that is,

gap P = lrggfl [z; — x; 4]

a) For a partition P = {xg,...,z,} of the interval [a, b], show that

n

Z [2; — x;4])° < [b—a] - gap P.

1=1

b) Suppose that the function f : [a,b] — R is Lipschitz; that is, that there is a
constant ¢ > 0 such that|f(u) — f(v)| < cjlu—v| for all points u,v in [a,b]. For
a partition P of [a,b], prove that

()gU(f,P)—L(f,P)gc[b—a]gapP

Hint: Use the EVT and part a.
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Solutions/Hints

40) a) False. Find a counterexample!
b) False. A step function is integrable
¢) True. Use the definitions of the lower and upper sums.
d) False. Find a counterexample!
e) True by the EVT!
41) Use a regular partition, and the fact that z* is monotonically increasing. This

problem will make you appreciate our integration formulas lol!

2

42) Define the union of two partitions. We claim that this union is a refinement of
each of these partitions simultaneously. Why?

43) a) By the definitions of a partition and its gap, we have 0 < z; — x;_1 < gap P
for all 4. Use this to show how (z; — x;_1)* compares to (z; — z;_1) - gap P,
followed by taking the summation of the relationship you find from ¢« = 1 to
n.

b) Proof: From a previous homework, we showed that Lipschitz functions are
continuous. Therefore, by EVT, the function f attains both a maximum and
a minimum on each subinterval | z; 1, x;]. Let u;,v; € [x;_1,2;] be points
where these maximum and minimum values occur, respectively. Then,

M —m; = f(vi) = f(u) <clvy—w| <e(z—xi1)
for each ¢, where the Lipshitz property was used for f (v;)— f (u;) < ¢|v; — u4].

Using this in the formula below, we get

n

U(f,P)—L(f,P) = Z (M; —my;) (z; — xi—q) < CZ (x; — xi_1)2 < ¢(b—a)-gap P

i=1

as needed. O
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The First Fundamental Theorem Of Calculus: Integrating Derivatives (6.5),
The Second Fundamental Theorem Of Calculus: Differentiating Integrals
(6.6)

44) Calculate the following derivatives:

x

0 ([ )
0 ()

45) Suppose that the function f: R — R is differentiable. Define the function H : R — R
by

H(z) = /l [f(t) + f(—t)]dt for all .

Find H"(x).

46) Suppose that the function f: R — R has a continuous second derivative. Prove that
f(z) = £(0) + f/(0)z + / (e — O)f"(t)dt  for all .
0

47) Let the function f : [a,b] — R be continuous. Suppose that the function F' : [a,b] —
R is continuous, that F': (a,b) — R is differentiable, and that F'(x) = f(z) for all =
in (a,b).

a) Use the Second Fundamental Theorem of Calculus (FTC) to prove that

d X
o [F(x) —/a f} =0 for all z in (a,b)

b) Use part a to derive a new proof of the first FTC (Integrating Derivatives).
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Solutions/Hints

44) a) Recall that the antiderivative of In(t) is tin(t) — t.

b) There is no easy antiderivative of et”. One way to get around this is by pre-
tending you know the antiderivative, call this F'(z), and carefully go through
the integration process (i.e., applying the Fundamental Theorem of Calculus).

45) Use a similar strategy as to that of 44b, and make use of the Chain Rule!
46) Try using integration by parts.
47) a) Use a similar strategy as to that of 44b, yet again.
b) Proof: Since f is continuous, the FTC2 implies that % /; f = f(z) for all

z in (a,b), thus
%{F@yiAZ}thﬂ—ﬂ@If@%—ﬂ@ZO

as needed, since we are given that F'(z) = f(z).
Applying the the Identity Criterion, there exists a constant ¢ such that

F(m)—/;f:c

for all x in (a,b). To get continuity at the endpoints note that f is assumed

x
to be continuous, so f is integrable and thus / f is continuous on |[a, b]. So
a

x
the difference F(z) — / f is continuous on [a, b] since it is the difference of

a
two continuous functions; therefore

F(;B)—/;f:c

for all z in [a, b] (endpoints included). Plugging in x = a shows that ¢ = F(a),
and then taking z = b gives

b
ﬂw—/f:F@

b
or that / f = F(b) — F(a) for all z in [a, b], proving FTCI.
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Taylor Polynomials (8.1), The Lagrange Remainder Theorem (8.2), The
Convergence Of Taylor Polynomials (8.3), The Cauchy Integral Remainder
Theorem (8.5)

48) For each of the following pairs of functions, determine its highest order of contact at
the indicated point:
a) f(x)=2? and g(x) = sinz for all x;zy = 0.
b) f(x) =e” and g(x) = 1+ 222 for all 2325 = 0.

49) Define f(z) = x%? for all z. Find the sixth Taylor polynomial for the function f at
xz=0.
50) Prove that
2

1+ - (1+ )l <1+ T ifr >0
5 x)s - I xr
3 9 3

51) A number z; is said to be a root of order k of the polynomial p provided that k is a
natural number with

p(x) = (z — x0)"r (),

where 7 is a polynomial, and r(xg) # 0.

Prove that if x( is a root of order k of the polynomial p, then

plag) = p'(wo) = --- = p* V(xg) =0 and  p¥ (o) # 0.
Note that the converse can also be proven!

52) Suppose that the function F': R — R has derivatives of all orders, and that

F"(z) — F'(z) — F(x) =0, for all z,
F(0) =1,
F'(0) =1.

Find a recursive formula for the coefficients of the nth Taylor polynomial for F at
xz=0.
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Solutions/Hints

48)
49)
50)

51)

Carefully look at the successive derivatives of each function at the indicated point.
Apply the Taylor polynomial formula.

1
3

Use the Lagrange Remainder Theorem to write f(x) = (1 + )3 in terms of its
g g .

first and second Taylor polynomials, and the remainder terms.

First we suppose that xy is a root of order k of the polynomial p. By definition
there exists a polynomial r such that

p(z) = (v — zo)*r(x) and 7(z) # 0;

we let n denote the degree of r. By Corollary 8.9, the Taylor polynomial

/ TI/ X r(n) T
r(wo) +1'(20)(x — 20) + <2|0) (x — o)+ -+ n(' 0) (z — zo)"
of r at zg equals r(x) itself, so that
p(x) = (z — wo)*r(z)
/ T” X r(n) x
= (23 - Jfo)k 7"(330) +r (550)(37 — ZEo) + (2‘0) (33 — 550)2 + .o 4 n(' 0> ($ _ xo)n
/" (n)
= T(l’o)(x—flfo)kJrr’(xo)(x—wo)k“+%(w—xo)’”?_p ) .+Tn_('$0)(x_$o)k+n.

This shows that p(x),p'(z),...,p* Y (z) are all polynomials in each of whose
terms (x — xg) occurs to at least the first power. Thus

p(ao) = p'(wo) = -+ = p* V(o) = 0,
and p® (z) =
d* r(x r(z
s r(20)(z — 20)F + 7' (20) (z — 20)* ! + —;! 0) (. —xo)2 4+ 4 n(! 0)
Elr(zo) + [terms containing (z — xo)],
so that

p(k)(xo) = klr(zo) # 0,
as desired. W

52) Using what’s given, how can you write the n'* derivative F?

(x — g

Table of Contents
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Sequences And Series Of Numbers (9.1), Pointwise Convergence Of
Sequences Of Functions (9.2), Uniform Convergence Of Sequences Of
Functions (9.3)

1
53) Prove that the sequence {— + 4} is Cauchy by definition.
n

o0
54) For the series Z ay, suppose that there is a number r with 0 < r < 1 and a natural
k=1

Uk~ for all indices k > N. Prove that Zak converges

k=1

number N such that |ay|

absolutely.

oo oo
a
55) Suppose that Z aj and Z by are series of positive numbers such that lim (—k) =/
P o1 k—o0 bk

with ¢ > 0. Prove that the series Zak converges if and only if the series Zbk

k=1 k=1
converges.

56) For each natural number n and each number z > 2, define f,(z) = T Find the
ITL

function f : [2,00) — R to which the sequence {f, : [2,00) — R} converges pointwise.
57) For each natural number n and each number z in [0, 1], define

B T
Cnr+1

fn(2)

a) Find the function f : [0, 1] — R to which the sequence { f, : [0, 1] — R} converges
) , q , g
pointwise.

b) Prove that the convergence is uniform.
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2
53) Proof: Let ¢ > 0 be given, choose N > — by the AP property. Then, for all
€

m,n > N, we have:

=) (3

Thus, the sequence is Cauchy by definition.

1 1

no mi|

—|—1<1—|— 2<
ml| — N

€

1
N N

1
n

54) Proof: Note that |az|”* < r can be rewritten as |a,| < r* for all natural numbers

o [e.9]
k > N, so that Z |ax| converges by comparison with the geometric series Z k.

k=1 k=1
. ag - -
55) Proof: Assume that lim (—> = ( > 0. Additionally, assume that Zak
k—o0 bk
k=1
converges. Since lim | — | = ¢, this implies that the sequence = —
k—o0 bk ak/bk Qg

also converges. Since every convergent sequence is bounded, there exists M € R

b o
with — < M or that b, < May, for all k € N. Since E aj converges, then by
ay
k=1

(o9}
linearity M Z ay also converges. Finally, using the Comparison Test implies that
. k=1
Z b, converges also.

k=1

o) a a
Conversely, assume that Zbk converges. Since klim (b_k) = (, then {b_k} is
—00 k k
k=1

a
convergent and thus bounded. So there exists M* € R such that b—k < M*, or
k

ap < M*by, for all £k € N. Since ZM*bk = M* Zbk converges by linearity,

k=1 k=1

o
then Z aj converges as well by the Comparison Test.
k=1

56) This sequence converges pointwise to the zero function on [2, 00).
57) a) Let z € [0,1]. If z = 0 then f,(0) = 0, for all n € N. For z € (0,1], we

x
have f,(z) = = < —. But from previous work in the semester,
nt+1 n+ % n

we know that the sequence whose terms are all 0 and the sequence {+} both

Page 40 of 41



Table of Contents
Math410: Homework

Name: UID: Section #:

converge to 0. So the sequence of functions f,(x) converges pointwise to

f(z) =0 for all z on [0, 1].

b) Proof: To prove uniform convergence, note that if n € N and = € [0, 1], then

|[fn(z) — f(z)] =

T o
nr+1 Cnr+1

But using our work above and the Archimedean Property, we can choose
N € N such that 1/N < e. In turn, if n > N, then |f,(z) — f(z)] <€, in all
cases of x € [0,1]. Thus {f,} converges to f uniformly on [0, 1].
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